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ABSTRACT

We consider the Cauchy problem associated with the equations:

t vx

(-]
]

<
[

- 0
p(u, )x + Vox

(1)

12 _ +
{e(u,9) + 7 v ]t + [p(u,e)v]x - [vvx]x = exx, X€e€R, tEeRrR ,

with the initial condition

(2) u(0,x) = ug(x), v(0,x) = v,(x), 8(0,x) = By(x) .

The equations (1) describe the one-dimensional motion of a particular type of
nonlinear thermoviscoelastic material. We establish the existence of global

1

solutions when the initial ¢-ta belong to L' N BV and are sufficiently small

1 N BV. Our method consists of linearization, Fourier

in terms of L
transformations and contraction mapping principle via variation of constants

formula.
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SIGNIFICANCE AND EXPLANATION

This paper discusses the Cauchy problem associated with a particular
system of equations of one-dimensional nonlinear thermoviscoelasticity with
the initial data given in the class of functions of bounded variation (denoted
by BV). It has been known that the class of BV is a suitable function
space for the study of evolution equations which arise in continuum mechanics
in order to admit solutions possessing shocks. This fact has been exploited
in the analysis of hyperbolic conservation laws which describe the motion of a
continuum when mechanical and thermal dissipations are neglected. On the
other hand, only the smooth (classical) solutions have been studied for the
equations which include such dissipative terms., Our goal is to study the
global existence of weaker solutions of systems which include such dissipative
terms. Our main result shows that when the initial data are sufficiently

1

small in the L' and BV norms, the system (1) of the abstract has global

solutions in time possessing specific regularity properties. I
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GLOBAL EXISTENCE OF SOLUTIONS OF THE EQUATIONS

OF ONE-DIMENSIONAL THERMOVISCOELASTICITY

WITH INITIAL DATA IN BV AND L1

Jong Uhn Kim

0. Introduction

The purpose of this paper is to establish existence of global solutions
in BV for the Cauchy problem associated with the equations of one-

dimensional nonlinear thermoviscoelasticity:

= vy
r ut X

ﬂ v, -p(u,e)x + v

(0.1) xx

. 1 2 .
[e(u,8) + 7 Vi * ptw, vl - (v ] =8

’

XX

~® < x<®, 0SS £

with initial conditions
(0.2) w(0,%) = u (x), v(0,x) = v (x), 8(0,x) = 8 (x) ,
where u, v, 9, ; and ; denote deformation gradient, velocity, temperature,
stress and internal energy, respectively, and the conventional notations for
partial derivatives are employed. Equations (0.1) are the conservation laws
in Lagrangian form of mass, linear momentum and energy. From physical
considerations, we should require the following conditions:

ua>0,0 >0

(0.3) -

- - - 6
P, (,8) < 0, eg(u,0) > 0, e (u,8) = 6?(RLLA)y

For a detailed account of physical meaning of (0.1), (0.3), the reader is

referred to [3], [4].

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041. This
material is based upon work supported by the National Science Foundation under
Grant No. MCS-7927062, Mod. 1.
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Now let us discuss briefly the significance of our problem. Equations
(0.1) have both mechanical and thermal dissipations which preserve the
smoothness of initial data. This fact was shown in [3]), [4], which treated
equations more general than (0.1). Slemrod [7] proved that the thermal
dissipation alone is enough to establish the existence of global smooth
solutions for initial-boundary value problem with small, smooth initial data.

Without dissipation terms, (0.1) reduces to the hyperbolic conservation laws:

v, = -ply,0)
(0.4) { e x
1

L [e(u,0) + 2 vzlt + [p(u,e)v]x =0 ,

which are certainly incapable of smoothing out rough initial data.
Nevertheless, the Cauchy problem for (0.4) has global solutions of class BV
when the initial data have small variation [5]. We are naturally led to
believe that the same is true of any new system of equations obtained from
{0.4) by adding dissipation terms (2]. This conjecture has not been
verified. In this note, we shall give an affirmative answer with some
reasonable assumptions. The main result is Theorem 2.1.

Next we shall give a sketch of our method. For convenience, we introduce
new variables u(t,x) - ;, 8(t,x) - 5, which we shall still call by u(t,x)
and 0(t,x), where u and 0 are positive constants and (3,0,5) is
regarded as the given equilibrium state. At the same time, we define
(0.5) p(u,8) = p(atu, B+8), efu,8) = e(atu, 5+48) .

Then (0.1), (0.2) are equivalent to

T ST 5 .




(0.6) < Ve T —p(u,e)x * Vex

1 2
L [e(u,®) + 2V ]t + [p(u,e)v}x - [vvx]x = 9xx

with initial conditions

u(0,x) = up(x) deft u, (X) = &, v(0,%) = vy (x) def vo(x), 8(0,x) =
(0.7)

def .
=8(x) =8 (x) -8 ,
while (0.3) is equivalent to
(0.8) ad>-u, 6> -8 ,
(0.9) p (u,8) <0, eg(u,8) >0, e (u,0) = (3+9)pe(u.9) - plu,0) .
In addition to these physical assumptions, we assume

p(u,9), e(u,d) are analytic functions of (u,0) in
(0.10)

a neighborhood of (0,0) with p(0,0) = 0 and pe(0,0) #0

Assuming everything is smooth enough, (0.6) combined with (0.9) is equivalent

to
ut = Vx
(0.11) v, = -p(u,e)x Vo
Py (u,9) 1 2 1
¢ " eg(u,0) (§+e)vx * eg(u,8) Ve ¥ eq(u,) exx *

The linearized equations associated with (0.11) are

(0.12) v, = au + b8 + v
t b ¢ x XX

0 = + c9
t dvx Cax !

-3-




where a, b, ¢, d are congtants. Now we are in a position to summarize our
strategy. First, by the method of Fourier transform, we analyze solutions to
(0.12), (0.7), assuming (uo,vo,eo) e (L1 n BV)3. Then we collect all
information on the regularity and the asymptotic behavior of solutions to this
linear problem. Based on this information, we construct a suitable function
space and also a contraction mapping via variation of constants formula so
that the fixed point may be the solution to (0.11), (0.7). Finally, we verify
that this solution is also a solution to (0.6), (0.7), (0.8) in the same
function space. In fact, this approach was used in [6].

As a final remark, it is reported that our method does not work out in

3 1 3
case (uo,vo,eo) e (BV) rather than (uo,vo,eo) e (L n BV) .

Notation

We use the following notations throughout this paper.

(1) For £ : R" x R * R, we write
3 3
3 L(,x) = £ (£,x) = 3= (£,x), d £lt,x) = £ (t,x) = _—l_f;; x)

d_E(t,x) = £ _(t,x) = 3_2?_;__,()_ .
X
(2) Por f eL'(R), we write Ifl = f:. |£(x)|dx. we adopt the
conventional notation for other LP-norms.
(3)  Cy(R) is the space of continuous functions tending to zero at infinity
and its dual is denoted by
M : the Banach space of all finite measures.
(4) For f e M 1fl = total variation of f as a measure. Since L1 is
isometrically embedded into M, there is no ambiguity in notation.

(5) De(x) stands for the Friedrichs mollifier.

et




?

(6)

N

(8)

(9)

(10)

{11)

(12)

Convolution is taken with respect to x variable alone unless specified

otherwise, and we write

f0)*gix) = [ £(x-y)gly)dy .

Ig £(t-T,x)*g(T,x)aT = Ig [0, (=T, x-y)g(T,y)aydT .

Fx means the Fourier transform with respect to x and FE‘ means the

inverse Fourier transform with respect to £&. We write t(E) = Fxf(x)
and f£(x) = F{ £(5).

D*(Q) stands for the space of all distributions in £, where R is an
open subset of RP. When X is a Banach space, D*((0,®);X) denotes

the space of X-valued distributions in (0,%).

o0
AT s the space of all function £ in LV(R) for which the norm
[

J£) + sup lf(X+h);f(x)l
h$0 |hi

is finite, where 0 < B < 1 (see [8]).

bt -
For f e A;' » we write |ll£]l]g = sup .f(x+h)3f(X)l
h#$0 Inj

The same letter M will be used for different constants which are
independent of t. 1Its independence of other constants will be

indicated whenever necessary.

wlel is the space of all function £ in L‘(R) such that
af 1
ax e L (R).
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1. Linearized Equations

As stated in the introduction, we shall use the method of Fourier

transform to estimate the fundamental solution of the linear equations:

v
t x

=
]

<
]

(1.1) t au, * bex M Vxx

0 =dv + co
x xx

1

where a = -p“(0,0) >0, b= 'pe(0,0) #0, c= ;;TETET > 0 and
pe(olo)
a=-————38, Applying the Fourier transform with respect to x, (1.1)
ee(olo)
yields
(1.2) -g—; ¥(e,E) = ACENY(L,E) ,
A
ul(t,§) o , it , o
A A A 2
where Y(t,8) = | v(t,8) and A(E) = | iaE , -8 , ibk .
A
6(t,§) 0 , idf , -c&?
tA(E) A -1 _tA(§)
Denote e by G(t,§) and FE e by G(t,x). We call each entry of

the matrix G(t,x) by Gij(t,x), i, = 1,2,3. Our principal objective in
this section is to analyze Gij(t,x). Since it is not easy to obtain the
explicit formula for E(t,E), we shall use the Dunford integral to express

G(t,E):

t?\(E) 1 A -1 At
e = — ]r (AI-A(E)) e"TdA

(1.3) T

where T is a contour encircling all the spectrum of 3(5) in the complex
plane. This is useful because we know the explicit formula for the
integrand. Let us define

(1.4) p(E,A) = A%+ (c+n)E% + (cE? + aE? + baEH)A + acE? .

Then, (Ax-ﬁ(ﬁ))'1 is the matrix:




C o c W

11’ 12’ 13
Ca1e Cazr Cp3
€310 G320 C33
where Cyy = (Xz + (c+1)EzX + bd€2 + 054)p(5,l)-1 ’
c,, = (A + et pEe, ',
2 -1
C13 = "bE p(E,A) ’
Chy = {iak) + iacEa}p(E,l)—l P
2 2 -1
C22 - {x + C€ A}p(E,A) ’
-1
C23 = ibEA p(glx) ’
2 -1
Cyq = ~adf“p(£,)) '
-1
C32 = idgA p(E,A) ¢
R R S Y- PY{ R VL
(1.3) implies
A _ 1 At s
(1.5) Gyy(t.E) = o /p c;j¢ @, for 1,3 =1,2,3 .

It is interesting to see that

]
= G32(t,x)

(t,x), G23(t,X) 3

= _ b
(1.6) G21(t,x) = aG12(t,x), G13(t,x) = =3 G,,
:'s, and that

which are obvious from the expressions for CiJ

G11(t,x), G12(t,x), G13(t,x)

(1.7) 621(t,x), G22(t,x), 623(t,x)

it

G31(tlx)l G32(tlx)l G33(t'X)

0,9 , 0 G11(t,x), G12(t,x), G, (t,x

13

= ladx, 3xx, bax G21(t,x), GyplErx), Gyl x)

o, dax, Caxx G31(th)l G32(t'X)l G33(t,x)

-7-
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holds in D*((0,®=) x R},

Before estimating L1-norm or total variation of each Gij and its
derivatives, we shall explain the general strategy of estimtion. First, we
analyze the roots of the polynomial equation p(§,A) = 0, which are the poles
of Cij' Second, noting that the value of integral in (1.5) is simply the su~
of residues of ci.eAt at each pole, we obtain the residues in the form of

infinite series in £. Finally, we use the following fact to obtain an

estimate of L1-norm of a function.

L]
Lemma 1.1. Suppose £f(x) € CO(R)' Then for 0 < B < %,

1
- = 48
+ /1_33 v 2 '%'E' Een

1
-..+BA
(1.8) 1 Ix1Becn < /2 e
L

L2

and

1
— - = 4B
(1.9) Vil Peoor < 2 o™iz + /1-_26 r 2

a A
1+8 AL

Lz
hold for all T > 0.
Proof. The result follows from the inequality

oo xiPreootax < £ ixt®ieatax + [ o e B ixe oo ax

and H8lder's inequality.

According to the theory of algebraic functions [1), the roots of
algebraic equations are expressed by the Puiseux series in the parameter in a
neighborhood of the multiple root. But for the equation p(%,X) = 0, it is
easy to see that the Puiseux series reduce to the Laurent series in £ for
I€] 1large and to the Taylor series in & for |&| small.

Lemma 1.2. There exist positive numbers p < n such that the roots of

P(E,A) = 0 are given by




v

o _ atbd(ct1) .2 3
X1 = jiva+bd § “Z(atbd) £ + 0(; ) .

- _ atbd(c+1) 2 3
AZ = -jYa+bd § “2(a+bd) £ + 0(8™) ,
- - ac 2 4
A3 = = Tatbad) £° + 0(E")
if |&] € p and
N 2  bd 1
S Tl e 0‘52) ’

2 ac-a-bd 1
Az = -£% + -7t 0% .,
g
T abd—azc 1 1
A = =3 + ——— — + 0(—)
3 c 52 54

if |E] > ;, where the standard symbol 0(*) denotes the remainder of the
Taylor or Laurent series.

We omit the proof which can be given by direct computation.
Remark 1.3. In stating above lemma, it was implicitly assumed that c¢ # 1.
The analysis for the case ¢ = 1 may be a little different from the technical
viewpoint. But the estimates for Gij(t,x) are the same and we assume c¢ # 1
throughout this paper.
Lemma 1.4. eij(t,ﬁ)'s, i,j = 1,2,3, are analytic functions of & for each

t » 0 and they can be expressed in the following forms: If |§| € p < p,

ac 2 4
bd+0(€2) t{- —ta £+ 0(87)}

A
(1.10) G11(t,5) = DA+ (E)

t{-iva+bd & ~ atbd(ctl) 52 + 0(53)}

a+0 (&) 2 (a+bd)
2(a+bd)+0(§) ©
L atbd(c+1) ,2 3
arog)  FHYaha & - Ty & v o)
2(a+bd)+0(§)




iac 3 ac 2 4
(ic= 253 £+ 0(67) f e £° + 0(EYY)

a+bd + 0(§)

N
(1.11) G, (t,&) =

W et atrbd(ct+1) .2 3
Ya+bd+0 (&) et{ iva+bd &~ 2(a+bd) £ + 0(ET)})
-2(a+bd)+0(§)

—— . _ atbd(ctl) ,2 3
Ya+ba + 0() et{i arbd § - Spa) © * 0ED)
2(a+bd) + 0(£)

-ac 2 4
-b tiopay &+ 08N}

A
(1:12) Cqate8) = gD ©

sy a+bd(c+1) .2 3
+ b et{ i a+bd E - 2(a+bd) a + O(E )}
2(a+bd)+0(&)

Y ey a+bd(c+1) .2 3
+ b t{l/a+bd E = 2 (a+bd) E + O(E ) }
2(a+bd)+0(&) © .

ac 2 4
-abcsz2 + 0(54) et{_ (a+bd) E° + 0(ED)}

(a-t-bd)3 + 0(£&)

A
(1.13) Gzz(t,ﬁ)

i/ g _ atbd(ctl) .2 3
(atba) + 0(f) El-iva*bd & = SEoiees 85 + 0(6T)}

2(a+bd) + 0(E) °©

—— ; _ atbd(ct1) .2 3
(asbd) +o(f) EliYatbd & = Smias €5 4 006}

2(a+bd) + 0(&) ¢ ’

e 2 62 v ogh)

-iabcE + 0(£>) .

(1.14) &__(t,£)
23 (a'i-bd)2 + 0(&)

[mv A a+bd(c+1) .2 3
bavbd + o(g) t{miYavbd & - SrEs 88 v 0(ET))

* T2(atba) + 0(E) ©
[T atbd(c+1) .2 3
, Dfatbd + 0(£) tlifarpd € - Spay & * 0D

2(a+bd) + 0(£)

ac .2 4
arorg?) tlgag® roe

atbd + 0(E) ©

A
(1.15) 633“:'5,

/T ¢ _ atbdlctl) L2 3
bd + 0(£) t{-1/a+bd § - P €7 + 0(60))

2(a+bd) + 0(E) ©

-10=-




bd + 0(§) 2(a+bd)

at+bd(c+1) E2

t{iva+bd £ -

2(a+bd) + 0(§)

and if |&] > n > n,

* G, (t,6) =
(1.10) G“ t,

(1.11)*

(1.12)*

e

2
01) t{-c& + 0(1)}

+

-a£2 + 0(1)

£4c(c-1) + 0(15)}

13

el-£2 + 0(1))

4 1
E°{1 + 0(—3))

O

13

(bd-a(c*I)}lg + O(lz) t{-a +
(3 g

A
613(t,€)

0l

1 1 . ©
{bd—a-zac}—z + 0(—)
£ 3

bd 1
i — + 0(—)
c-1 g2 et{-cez +0(1)}

£3{c(c-1) + 0(13)}
13

i(c=1) + 0(X)

g2 et{-Ez +0(1}

gle + o)

E{(1-c) + 0(15)}
3

ic + 0(150 t{-a + 0(15)}
3 g

13

b et{-cE2 + 0(1)}

c(1-c)E2{1 + 0(13)}
£

b et{-Ez + 0(1)}
(e-1)§2(1 + 0(15)}
€
ti-a + 0(5))
~b £

e
c52{1 + 0(13)}
3

-11-
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+ 0(53)}

+ 0(—)}
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~chd + 0(1_)

c-1 2 2
- 1
(1.13)* ezz(t,g) = & 1 Ll + 0N}
E%{c(c=1) + 0(~3)}
&
1+ 0(13) )
3 t{~&° + 0(1)}
+ 1 e
1+ 0(—5)
13
1 1
~ac + 0(7) t{-a + 0(7)}
§ 3
+ 3 3 e
£°{c + 0(-3)}
13
. 9
-ibc + 0(—2‘) 2
(1.14)* G,q(t,E) = 3 - Jt{-ct® + 0}
E{c(c-1) + 0(—5)}
3
. 1
-ib + 0(—;) 5
3 t{-€° + 0(1)}
+ 3 e
E{(1=c) + 0(—5)}
£
~iba + 0(-!3) t{-a + 0(15)}
+ 3 13
3 1 €
£ {c + 0(—5)}
13
1+ o(lsq 5
(1.15)* 833(t,g) - E Lt{mcE” + o}
1+ 0(—3)
1
Mooty )
+ ° g et{-E + 0(N}
E2((1-c) + o))
13
2, oy e+ o)
(o] 2 2
+ 3 14
4 1 . © '
£ {c + 0(—5)}
3

where P is taken so small and N so large that

(BQ + a + é) R << 1
c c n2

-12=~




and the size of each 0(*) 1is only a small fraction of its preceding term.
Proof. Using Lemma 1.2, we can directly compute the residues of CijeAt to
obtain the result.

Now we fix P and N such that the statement in Lemma 1.4 holds true.
Then we have
Lemma 1.5. The roots of P(§,A) = 0 belong to a compact subset of
{A ec: Re(A) < 0} for all § e R with p < [§] < n,
Proof. Suppose this were not true. From the expressions for Ai's and

Ai's in Lemma 1.2, it follows that there should exist EO € [p,n] such that
P(Eo,iu) =0 for u € R. But this is impossible, since
P(E,in) = i((cky + ab2 + baE2)w - 1} + acky - E2(er1)u’

cannot be zero for EO e [p,N], a>0, ¢>0 and bd > 0.

From this lemma, it is easily seen that &ij(t,ﬁ) and its derivatives
are uniformly bounded analytic functions of (t,§) in (0,®) x (p,n).
Furthermore, they decay to zero exponentially fast as time tends to infinity.

Now we begin to analyze each Gij(t,x) in the L1-setting. Let us
define

at =-1A
» Ho(t,x) = Fg H1(t,€) .

(1.16) H1(t,5) = G11(t,5) -e
Lemma 1.6. H1(t,x) e c([0,®); L1), Hl(O,x) =0, 3xH1(t,x) e c({0,%); L‘),

3xH1(0.x) =0, 3xxH1(t,X) € c((0,2); M) and the following estimates hold:

(1.17) |H1(t,x)l <M, for all t 20 ,
-1

(1.18) 13 H_(£,)1 < M(1+t) 2 forall t>0 ,
il

(1.19) “3xxH1(t,x)| < M(t + t6)'1, for all ¢t >0 ,

where M is a constant independent of ¢t.

Proof. First we shall obtain estimates for the case t ?» 1. Define

-13-
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ac 2 —— atbd(c+1) ,2
(1.20) H_(t,8) = A (t,6) - 2% e.t avpd ° -—t et{-i b3 E " Ttary B
° 2! 1 a+bd 2(a+bd)

t{i/arbg £ - 2pdlctl) (2,

_ e 2(a+bd)
2(a+bd) ’
Then, using Lemmas 1.4, 1.5, we obtain 1
{1.21) lﬁz(t,ﬁ)l < Mt", 35 H (t, E)l < ut4, for all t » 1 ,
L
.3 22
(1.22) 1EH (t,E)N < Mt 4, (EH (£, 8)) < Mt 4, for all t > 1 .
2 2 E3 2
L L
3
By (1.9) with T =t% B =0 and (1.8) with T =¢, 8 = 0,
-1
(1.23) 1H, (£, x)1 < Mt s,
-3
4
<
(1.24) Iaxnz(t,x)l Mt

hold for all t » 1. By the dominated convergence theorem,

A .y
lﬂz(t1,5) - Hz(tz,ﬁ)l +0 , 35 i (t,,E) ag i (tz,E)L ,* 0

A A d A 9 A
lﬁﬂz(t1.£) - E“z(tZ'E)'Lz +0 , |§E(5H2(t1,5)) - §E(€H2(t2,5))|L2 +0

as t1 + tz, for t1,t2 ? 1. Therefore Hz(t,x) € c({1,®); L1) and

axﬂz(t,x) e C([1,%); L1). Next we define

2A ~-at abd-azc -at

(1.25) ﬁ3(t,£) = £ (£,8) - 2™ - T2 2 e .

Then it is easily seen that

(1.26) lﬁa(t,E)l < Me"2, 0

3T n (t,5)1 2 <Mt , for all t 2> 1 ,
L

@Q)
&jw

o

Hence, by (1.9) with T =¢ , 8 = 0, we obtain

-14-




T s A s

P, ... .

O
B i e L AU ‘ N A
'

(1.27) IH3(t,x)l S Mt , for all ¢ » 1 .,

. JEN]

By the same argument as above, Ha(t,x) e c([1,%); L‘). In the mean time, it

is known that

s _ (xeBt)?
(1.28) F?et(iae-rE ) . % 1_ . dre , for r>o0o |,
Yure
_ (x+Be)?
(1.29)(%;)m % ! e drt e c((0,%); L‘), for all integer m 2 0
Vvre
and
2
_ {x+8t) _h
3
(1.30) l(s;)m % 1 e art ¢ Mt 2, for all integer m 2 0, £t >0 ,°
YRre

where Mmr depends only on m and r. Thus H1(t,x) e c(f{1,=); L‘).
3 H, (t,x) e c({1,°); LY, A_Hy(t,x) e cli1,®); M) and (1.17), 11.18}, (1.19)
hold for all t ? 1 by taking large M if necessary. Next we analyze

Hy(t,x) for 0 € t € 1. From the estimates

3

(1.31) |ﬁ1(t,e>l <M, W5 ﬁ1(t,5)l <M, for 0 S ¢t € 1
3
(1.32)  BEH_(£,6)0 < M, I(ER (¢,E))) _ <M, for 0 <t <1 ,
1 L2 98" ™" 12

we obtain
(1.33) H,(t,x)0 <M, for all 0 <t €1
and
(1.34) '3xH1(t,x)| €M, forall 0<¢t <1 |,

by (1.8), (1.9) with T = 1, B = 0. It is easy to see that

Hy(t,x) e c((0,1]; L‘) and axa1(t,x) e c({0,1); L1) by the dominated |
Jconverqence theorem. Since e(t,E) is the principal matrix solution of |

(1.2), 311(0,5) = 1 for each §. Hence, %1(0.5) = 0 for each £, from

which it follows that Hy(0,x) = 0, 3xH1(0,x) =0 in ', Finally, we define

2
(1.35) Ry (t,6) = 52ﬁ1(t,€) - 59932—5 te”dt - g7t |
Then we find that
!
-15-




1
-2 .9
(1.36) IR (£,E)0 < Mt 2, U= A (¢,E)0 _ S M, for 0 <t €1 ,
4 9 4 L2
from which it follows that 1
(1.37) |H4(t,x)l < Mt 6, for all 0 <t <1 ,

1

by (1.9) with T = t3, g = 0. H4(t,x) e c((0,11; L1) follows from the same
argument as before. Therefore, axxH1(t’X) e C((0,1]; M) and (1.19) holds
for all 0 < t € 1 (with larger M if necessary).
Let us define

(1.38) Ho(t,x) = e 2E8(x) + 3.G,_(t,x)

* 5! x 127 !
where 6(x) 1is the Dirac delta measure. Then, we have
Lemma 1.7, G, (t,x) € c([0,=); v, Gy,(0,%) = 0, H_(t,x) € c((0,=); L"),
3xﬂs(t,x) € c((0,%); L1) and
(1.39) IG12(t,x)l <M, for all t >0 ,

1
(1.40) b (e, x)0 < m(e? + ¢

(-7 Y

)-1, for all t >0 ,

Al

(1.41) 13 B_(t, %) < m(e? + ©)', for all t> 0 .

Proof. First, we define

t{i/a+pa £ - at+bd(c+1) 52}

(1.42) ﬁs(t,g) = 312(t,g, S E 2(a+bad)
27a+bd
- _ atbd(cti) ;2
R et{ i/a+bad § SStaray &}
2Ya+bd
and
(1.43) ?.[7“._,5) = iEQG(t,E) + e-at .

Then, we can easily derive the following estimates:

1
4
SMt, for all t » 11 ,

&

A 3 A
(1.44) lHe(t,E)l 2 < Mt R lsz HG(t,E)l

L L2

-16-




(1.45)

(1.46)

(1.49)

larger

(1.50)

(1.51)

(1.52)

(1.53)

(1.54)

A
(1.47) IG12(t,€)|

will yield (1.39), for 0 € £t € 1, and (1.40), (1.41), for 0 < t € 1 (with

dominated convergence theorem and 612(0,x) =0 in L
property of G(t,£) as before.

We define

Then we have
1 1
Lemma 1.8. G13(t,x) e c((0,®); L), G13(0,x) =0, 3xG13(t,x) e c([0,®); L),

= L] 1 . 1
axG13(0'x) 0, Ha(t,x) e C((Ol )7 L ): 3xl'l8(t,x) e C((O,"): L) and

3 ]
P (t,6)1 € Mt 2, IE— Ho(t,5)0 < Mt 4, for all t 2> 1 ,
7 9E 7 L2
-2 .3
A 4 ] A 4 .
NEH_(t,E)1 < Mt . b5z (EBH (t,E))0 < Mt , for all ¢t » 1 .
7 L2 9E 7 Lz

With these estimates, we can prove (1.39), (1.40) and (1.41), for t 2 1,

analogously to the proof of Lemma 1.6. Next the following estimates

3 A
< M, IEE G12(t,5)| <M, for all 0 €t <1 ,

L2 12
1
(1.48) IH_(t,E)1 < Mt 2, .3_ B (t,E)1 _ €M, forall 0 <t <1 ,
5 9 5 L2
_3 L *
1ER_(t,E) < Mt 4. 13-(56 (t,6))1 < Mt 4, for all 0 <t <1 ,
5 1.2 9" "7s L2

M if necessary). The continuity in t can be proved by the

1 follows from the

b =-at
Hg(t,x) 8xxc13(t,x) -Se §(x)

IG13(t,x)l <M, forall ¢t >0 ,

1
laxG13(t,x)l < M{1+t) 2, for all t >0 ,

1
lHa(t,x)l < M(t + t)-1, for all t >0 ,

)]

13
1 1 (e, 00 S m(e? + €)1, for all k>0 .

-17-




Proof. We start by defining

a+bd(c+1) ,2
b t{ira+bd € - ETr 1N £}

A A
(1.55) ug(t,E) = G13(t,€) - 3(a+bd) ©

t{-i/a+ba § - arhdlctl) .2,

- b e 2(a+bd)
2(a+bd)
and
A 2A b =-at
(1.56) Hm(t.ﬁ) § Hg(t,i) -<e .
We obtain the following estimates:
- d J
A 2 9 & 4
(1.57) M8_(t, &)1 € »5 © d—=H (t,5)) A <Mt , for all t >1 ,
9 3 9 LZ
-3 )
A A ] A 4
(1.589EH (t, E)0 _ ¢ mt =, A==(EH_(t,E))} _ S Mt °, for all ¢ > 1 ,
9 2 38" ™9 2
L L
3 -3
2 4

9 A
R lsz H,o(t,ﬁ)l 2 < Mt , for all ¢ 2> 1 ,

(1.59) |ﬁw(t,£)| < Mt
L

A = ] A =
(1.60) |5310(t,5)|nz < Mt . |§E(Eﬂ1o(t,€))lnz < Mt , for all ¢ » 1 ,

FY)
Sl

Combining these inequalities with (1.8), (1.9), we obtain (1,51) to (1.54),
for t 2 1. To congider the case t ¢ 1, we list:

(1.61) 18 (6,00 < u, |§E 8,(6,800 , <M, forall 0 <Ec ,

L
1.62)1E8 I <M, 12oed )N _ < £ 1 0<¢ <
( . G13(t, ) Lz H' ae( 613(t' )) Lz M' or al V) t 1 ’
1
(1.63) (£, 60 < Mt 2, 13- R (e 601 . <M, for all 0 <t €1
. gLt ’ s'g' glts Lz ’ ’
-3 2
(1.64) BER (6,800 _ <me 4, 1 (ER (e, 800 L <M 4, forall O <t < .
8 I‘2 F13 8 L2

-18~




1
Lemma 1.9. G,,(t,x) € C((0,%); L'}, 3G, (t,x) € C((0,) v

From these inequalities, we derive (1.51), (1.52), for 0 € £ € 1, and
(1.53), (1.54), for 0 < t € 1, The remaining assertions can be verified by i

the same method as in the proof of previous lemmas.

We define

(1.65) H11(t,x) = axxczz(t,x) - ae-‘tﬁ(x) v

PSR v S

and state

dnrilin .

vy

y(tx) e cto,@; L") ana

(1.66) |G22(t,x)l <M, for all t >0 ,
4
-1
(1.67) 13,6, (t,x)1 < ut 2 forall t>o0 ,
(1.68) 1B (E,x)1 < Me~', forall €30 .

Moreover, for each f e L'(R), Gzz(t,x)'f(x) * £(x) in L1 as t * 0+.

Proof. To consider the cagse t » 1, we define

t{1/a+ba £ - 319919311 £2)

A - A _1 2( +bd)

{(1.69) n1z(t.£) Gzz(t,E) 2 ©

- atbd(ct+

1 t{-iYa+bd £ ~ 2(a+bd) ) g2y
2
and
~ 2A -at

(1.70) 5,3(t,£) = =~ H12(t,5) - ae .

Then, we have

1
(1.71) 1R, (e, 60 < me Y, 02 e ) < M, for all t>1 ,
12 a; 12
.3 . |
(1.72) BEH, (t,E)0 _ < Mt ‘, (EH (t.E))l < Mt 4, for all ¢t > 1 ,
12 12 ae 12
-3
A -2 4
(1.73) luis(t.ﬁ)n < Mt 35 3t E)l <Mt , for all t > 1 .
2
-19«




Combining these inequalities with (1.8), (1.9), (1.30), we derive {(1.%0},

(1.67), (1.68) for t 2 1. For the case t € 1, we define

(1.74) H, (t,6) = G, (t,E -e6?
1. ) H14 t, = Gzz( +8) e
and
A 2A -at
{(1.75) H15(t,5) = ~§ H14(t,5) - ae .

Then the following estimates

(1.76) l§,4(t,a)l < M, |§E St BN, SM, forall 0<te<1

L

A 3 A
(1.77) l€n14(t.E)IL2 < M, lgg(£H14(t,E))lL2 <M, forall 0 € ¢t <1 ,
-1
(1.78) . _(£,E)0 < Mt 2 S (£, 6N
15! ‘ 35 Lz

<M, for all 0 <t <1 ,

are combined with (1.8), (1.9), (1.30) to yield (1.66), (1.67), (1.68) for
0 <t €1, 1In particular, H14(t,x) + 0 in L‘(R) as t * 0, from which
the last assertion of the lemma follows.

1
Lemma 1.10. G23(t,x) e c([o,»#); L), 623(0,x) =0,

1
3 Gpy(t,x) € C(0,®)1 L'), 3_G,.(t,x) € C((0,®); L,

3
oS3 (Erx) € Cl(0,2); M) ana
(1.79) IG23(t,x)l <M, forall t >0 ,
-1
(1.80) 136, (,%)1 < M(1+t) 2, forall t>o0 ,
1
2 -1
(1.81) laxxGZS(t'X)l € M(t" +t) , for all t > 0 |,
2
-1
(1.82) I3x . 23(t,x)l < M(t +¢t) ', forall t >0 .

Proof. We define

-20=-




n n tli/a*ba £ - e%%ﬂé%g%l £°) 4
(1.83) H1G(t,5) = G23(t,§) - e
2/ a+bd
+bd (c+1
b t{ iYa+bd £ - 25%—%5371 52}
+ , for all t 2> 1 ,
2¢a+bd
(1.84) R, (6,6 = -i53ﬁ16(t,€) + EE e, for t>1 ,
L
A b ~tE? b -tcEl ‘
(1.85) H18(t,5) = 16@23 -1 e tice , for 0 € ¢ <1 , {
(1.86) ﬁ19(t.£) = -52ﬁ18(t,5) + %E e"t, for 0 ¢t <1 .
{ Then, proceeding as in previous lemmas, we can derive (1.79) to (1.82) from
!
the following inequalities:
{1
1
(1.87) lﬁ16(t.€)l < Mt'1. 35 6t et 2 < Mt‘, for all t > 1 ,
L
-3 1
R 22
(1.88)  0ER (£, 800 <me 2, igpER, (6,600, <ue 4, forall v,
L
22 .3
2 ]
(1.89) 1R, _(¢,601 , < mMe 4, lgg(£2316(t,5))l , S Mt 4 forall t>1 ,
L L
-5 -3
N
(1.90)  MH_(£,5)1 S me 2, |3€n (E,6)1 , < me 4, forall t>1 ,
12
A
(1.91) 18, (6,00 , < m, '%E S, (6,800 , <M, forall 0<t<1 ,
L L
(1.92) Iﬁta(t.i)l <M, 35 gt BVl €M, forall 0<t<1
L

(1.93) l£ﬁ18(t,ﬁ)l 2 <M, z(CH (t, N1 <M, for all 0 € ¢t <1 ,

L L2

1
A T2
(1.94) IH19(t,E)I <Mt °, 35 (t E)lLz

CM, for all 0 <t <1 .

-21-
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)
Lemma 1,11, (3;)“G3a(t,x) e C((0,%); L‘). m=0,1,2,3, and

3
(1.95) |(3;)”633(c,x)l <Mt °, for all t >0, m=20,1,2,3 ,

Ny

00
(1.96) [ o 3,855 tx)ax = I (t,x)dx = 0, for all t > 0 .

-0 xxx 33

+
Moreover, for each f e L‘(R), G33(t,x)'f(x) * £(x) in L1 as t * 0, and

1 . A A 1 .
if 0 < A ¢ =, it holds that |x| Bxxs33(t,x), {xt{ axxxc33(t,x) e C({0,>); L) with

2
-1+
A 2 -1+A
. ?
(1.97) 1 x) xszs(t,x)l < M(t + t )
4
. —-1+ A —§-+X
A 2 2 2
. <
(1.98) b x1T Gy e, x) Mt +t )
for all ¢t > 0.
Proof. We define
——— a+bd(c+t) .2
1.99) R (t,E) = &._(t,E) ba_ M7ar & - Sy ¢
(1.99)  Hy, (%, 33!t 2(a+ba) ©
a+bd(c+1)
) b et{ iYa+bd £ - 7 (atbd) g2y
2(atbd) !
(1.100) H (t,8) = &, (t,E) ~ect?
y 21 33 € .
Then, we obtain the estimates:
- 1
A 2 3 4
(1.101) lnzo(t,E)l <Mt °, a; 20(: E)l <Mt, for all t>»1 ,
1.2
_2
(1.102) lﬁﬁzo(t,i)l < Mt-1, E(EH {(t,ENnt 2 < Mt 4, for all t > 1 ,
L
.3 .3
]
(1.103) lEzﬁzo(t,E)l <me 2, |33(52ﬁ20(t,£))l , S Mt 4 forall ta>1 ,
L
-22-
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7 5
(1.104) VE3R. (e,e0 . <me 4, 1 (&3 (eEnr <Mt 2, foralmd t>1 ,
20 2 3EL> Hyg 2
L L
1.105) i £ <M, 1358 )l < 11 0<¢ ¢
(1. H21(t, ) M, 3% H21(t, ) Lz M, for a 0 t 1,
-3 21
4 4

N )
(1.106) |EG33(t,E)IL2 <me ¢, I3E(Ea33(t,5))|L2 <Mt ¥, for all 0 < t € 1,

(1.107) 1628 (e,E00 < me 2, 0328 (e, B0 _ <Mt Y, foralloc e <1,
33 3t ©33 L2

Nlw
&)W

(1.108) l€3e (t, )t < Mt p IE—(E33 (t, 8N < Mt , for all 0 < t € 1 .,
33 x‘2 9 a3 Lz

&l
&l

Using these inequalities and (1.8), (1.9) with suitable T > 0, we arrive at

(1.95)- Collbining (1-8)' (1.9) with

- (x+Bt)2 -1s A
A -
(1.109) 1 |x} 9 ! e art I <M A(t 2 +t 1H), for all t >0 ,
** fae b
_ (x+B)? 3.1 3.,
A 1 art ~ -2tz ~2*
(1.110) ¥ x| 3 e 1 <M A(t +t ), for all t > 0 ,
xxx 8r

where r > 0, 0 < A < 1, MBrX and gﬂrk depend only on B, r, A, we get
(1.97) and (1.98). The continuity in t can be verified in the same way as
before and (1.96) is an immediate consequence of the first statement of the
lemma.

with the aid of Lemmas 1.6 to 1.11, we can discuss the properties of
solutions to (1.1), (0.7). First of all, we need to observe:
Lemma 1.12. If (uo,vo,eo) e [L‘(R)]s, then there is a solution to (1.1),

(0.7) in the form

-23-




u(t,x) uo(x)
(1.111) vit,x) = G(t,x)* vo(x) ¢
0(t,x) eo(x)

which is the unique solution within the function class of [C({[0,T]); L‘)J3

for any T > 0.

Proof. On account of the properties of G(t,x) stated in Lemmas 1.6 to 1.11,
the right-hand side of (1.111) belongs to [C([0,%); L1)]3 and satisfies
(0.7). By taking the Fourier transform of (1.111), it is easily seen that
(1.119) is a solution to (1.1) in the sense of distribution. The uniqueness
can be verified by the standard‘argument which proceeds as follows: suppose
(Ult,x), vit,x), O(t,x)) e [c((0,715 L')]® 1s a solution of (1.1) with the
zero initial condition. Since the Fourier transformation is a continuous
mapping from L'(R) to Co(R), (B(e,8), ¥(t,8), 8(t,6)) e [c(10,71; ¢ )1° ana
satisfies (1.2) in D*((0,T) X R). Hence,for each € > 0 and each § € R,

it holds that

0(t,E) STTOTIN

(1.112) [ JT| %8 | 2 ettre (z-Eratag = /7 [TAE)] Ve &) | e(t)p(g-E)dtar .
-2 ( t € -0 0 €

Fal A
0(t,8) o(t,E)

w
for all ¢ e Co((O,T)), from which it follows that, by passing to the limit,

M A
U(t, ) Ult,z)
(1.113) %g Ve, o) | =A@ | %k, 0
A A
o(t,%) o(t,%)
-24-




holds for each fixed { € R in D*((0,T7)), hence in the classical sense.
Therefore, ﬁ(t,c) = e(t,C) = 6(t,C) 20 for all t e (0,T] and ¢ € R.
Now we state the regularity and the asymptotic behavior of solutions to
(1.1), (0.7)s
Theorem 1.13. Let (uo,vo,eo) e [L1 n Bv]3 and (u(t,x),v(t,x), 8(t,x)) be
the unique solution to (1.1), (0.7) in Lemma 1.12. Let Iuol + Iuoxl + lvol
lv0xl + IBOI + IOOXI =y > 0, and fix any integer m 2 2 and any real number
0 <a-x %. Then, we have:
(1) ult,x) = w(t,x) + z(t,x), where w(t,x) e ([0,#); L)),
w(0,x) = uy(x), 3xw(t,x) e c([o,®); M), 3tw(t,x) e c((0,%); L1),
3,0 wit,x) € c((0,=); M), z(t,x) € ctlo,=); L"), z(0,%) = 0,

3 z(t,x) e c([0,); , 3 z(t,x) € C((0,#); M) and

1-m

(1.114)  Bw(t,x)! < uMm(1+t) 2, for all ¢t >0 ,

N[

(1.115) Iaxw(t,x)l < uM{1+t) , for all t >0 ,

(1.116) Iatw(t,x)l < uM(1+4t) , for all t >0 ,

nig

1
(1.117) 19,3 w(t, )1 < (e 24t %14ty 2, forall t>o0 |,

N

-
2

(1.118) Mz(t,x)! € uyM, for all t >0 ,

1
(1.119) 12 z(t,x)1 < um(1+t) 2 forall t>0 ,

(1.120) Iaxxz(t,x)l < UMt “(1+t) , for all t >0 .

NI-A
vie

w@dhe-




(11) v(t,x) e ([0, L"), v(o,x) = v (x), 3 v(t,x) € c((0,=); v,

atv(tIX) e C((oo“)l M)l aXXV(t'x) e C((ofﬁ)’ M) and

(1.121) Iv(t,x)! € yM, for all t >0 ,
}
i -1
(1.122) 13_v(t,x)1 < un(1+t) 2 forall t>0 ,
-1 -
(1.123) 19_v(t, 01 < ume 2(14¢) 2, gor ail t> 0 ,
P )
(1.124) latv(t,x)l < uMt 2, for all t >0 .

(1ii) Stu(t,x) - 3xv(t,x) in D*((0,®) x R)
({iv) e(t,X) e C([op.)) L1)a O(O,x) = eo(X): 3x9(t,x) e C((ol“)’ L1) ’
3t9(t,x) e c((0,%); L1), 3xx9(t,x) e Cc((0,®); Al’") and
(1.125) #168(t,x)! < uyM, for all t >0 ,

(1.126) Iaxe(t,x)l € uUM(1+t) , for all ¢t >0 ,

N

1
(1.127) Iaxxe(t,x)l < umMt 2(1+t) , for all £t >0 ,

NiQ

(1.128) late(t,x)l Cumt “, for all t >0 ,

[X] P

~1-a

(1.129) 1112 _8(t, 0111, <uwe 2 (1+e) %, forall t>o0 ,

NviQ

(1.130) late(t,x) - daxv(t,x)l < UMt T(1+t) , for all t >0 .

N
NiQ

All the above M's are constants independent of 4 and t.

Proof. By defining
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at

wit,x) = e ug (%),

z{t,x) = H1(t,x)'uo(x) + G12(t,x)'vo(x) + G13(t,x)'90(X) .

we can easily verify the properties (i) with the aid of Lemmas 1.6 to 1.8,
Also, by virture of (1.1), {(1.111) and Lemmas 1.7 to 1.11, it is easy to
derive all the other properties except (1.129) and the continuity of
3xx9(t,x) in A;'-. Similarly we can prove

el (Erx) € CL0,=); M)

(1.131)

wjw

-1
1 8(e,x)N < wm(e+t®)”", for all t >0 ,

and a sharp version of (1.127):

B

1

(1.132) |3xx9(t,x)l < uu(t2 + t)", for all t >0 .,
Now the proof is completed by combining (1.131), (1.132) with the following

lemma.

Lemma 1.14. Suppose f(t,x) € C((0,®); Ll n BV) satisfying

1

1t 00 € (€2 + €)™ ana 13 f(e,00 < (e vk

VW

)-1, for all t > 0 .

Then, £(t,x) € C{{0,%); A;'") and

Nl
[

ety <ue 22+ o)

(1.133)
-1~-8 _8
< Mt 2 (1+t) 2

holds for all t > 0, where 0 < 8 < 1 and the constants M are independent

of ¢t.

Proof. We need the following fact: for each ¢ € L' n BV,

1
{ni

F10(x+h) = 4(x)1 < |h|"°|ax¢|

-27-




holds for any h # 0. Indeed,
o«
. .
such that ¢n ec, ¢n $ in

from which it follows that

lim
n+®

1¢(x+h) = ¢(x)1 =

< lim
neoe

Now, if 0 < |h| € /%,

1

——

B
(1.13a)  Inl

and if 0 < vt € |n|,

1

———

(1.135)
Int®

Considering the case 6 < t < 1

easily obtained from (1.134),
also imply that
(1.136)
_holds for all ¢ € L1 n BV,
1,»
£(t,x) € c((0,=); A" ).

Remark 1.15.

sharp (e.g., compare (1.127) and (1.132)).

1£(t,x+h) - £(t,x)¢ < {h|

lf(tIX*h) - f(tIX)' < 2t

(1.135).

if ¢ e L1 N BV, there is a sequenc: rﬁ‘}v:1

1
< ] r 21,
L and |ax¢n| I3x0 . for all

19_(x+h) - ¢ ()1 = |f2 3 6 (x+)dT!

|h] 13 ¢ 1 < Ih| 0123 ¢t

1-8

1-8 2

laxf(t,x)l <t laxf(t,x)l

=8 3
ce?(e+e?)!

1
(tz + t]-1 .

Nl
N

If(e,x)l € 2t

and the case 1 € t, separately, (1.133) is

Next, we observe that (1.134), (1.135)

IS [1g € 1300 + 2101

from which we deduce that

In fact, some of the estimates stated in Theorem 1.13 are not

They are, however, in such weak

form as to be applied directly to the nonlinear problem.
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2. Nonlinear Problem

In this section we will establish our main result:

Theorem 2.1. Asgume (0.9) and (0.10). Then, there exists a positive number
§ such that if (u (x),v (x),0(x)) € (L' BV)® and dul ¢ 12 u b+ av 8
+ Iaxvol + IGOI + |axeol < §, there is a global solution (u(t,x), v(t,x),
0(t,x)) to (0.6), (0.7), satisfying the properties (i) to (iv) (with
different constants if necessary) stated in Theorem 1.13.

The proof of this theorem will be split intc three steps. First, we
construct a suitable function space X with the properties which were fciynd
for the linear problem. Second, we define a mapping T from ¥ into itself
so that the fixed point of T may be a solution of (0.11). Finally, we prove
that the mapping T is a contraction and that the solution to (0.11), (0.7)
is also the solution to (0.6), (0.7).

(Step I). We construct X as follows: Let X be the set of all quadruplet
(w(t,x), z(t,x), v(t,x), 8(t,x)) satisfying the properties (A) to (E):
() w(t,x) € c((0,#); L)), w(0,x) = uy(x), 3 wit,x) € c([0,%); M),

3,wit,x) € c((0,®); L, 3,9 w(t,x) e c((0,); M) with

1-m
(2.1) Iw(t,x)0 € K(1+t) 2, for all t >0 ,
.
(2.2) laxw(t,x)l € K(1+t) 2, for all t >0 ,
- B
(2.3) 19 w(t, )1 € K(1+t) 2, forall t>o0 ,
-1 -8 -
2 2 2
(2.4) lataxw(t,x)l < X(t +t T)(1+t) °, for all t>o0 ,
29




where m, @ are the numbers fixed in Theorem 1.13, K is a constant
independent of t and will be determined after we can collect all the
conditions on K.

(8 z(t,x) € c(1o,#); L"), 2(0,) = 0, 3 z(¢,x) e c((0,=; L}

9 z(t,x) e c((0,®); M) with
xx

(2.5) Iz(t,x)l € K, for all ¢ >0 ,
4
(2.6) 13_z(t,x)1 < K(1+t) 2, forall t>0 , ?
-1 -2
(2.7) 19 z(t, )0 < Xt 2(14t) 2%, for all t>o0 , {

(c) 3tw(t,x) + 3tz(t,x) = 3xv(t,x) in D*((0,®) X R) .
(D) v(t,x) e c((0,®); L‘). v{0,x) = vo(x). 3xv(t,x) e Cc((0,®); L‘),

3tv(t,x) e c((o,=); My, 3xxv(t,x) € c((0,%); M) with

(2.8) fv(it,x)) € K, for all t >0 ,
-3
(2.9) laxv(t,x)l < K(1+4t) 2, for all t > 0 ,
-1 .8
{2.10) laxxv(t,x)l < Kt 2(1+t) 2. for all t >0 ,
-1
(2.11) 13, v(t, )1 < ke 2, forall t>0 .

(E) O(t,x) e c((0,#); L"), 8(0,x) = 8,(x), 3 8(t,x) € C((0,*); LY,

1
2,8(t,x) e c((0,#); L), 3_B(t,x) e Cl(0,%); A;'”) with

(2.12) 10(t,x)) € X, for all t >0 |,
-1
(2.13) laxe(c,x)l < K(1+t) 2, for all t > ¢ |,
- .8
2 2
(2.14) |3xx9(t,x)| <Kt “(1+t) °, for all t >0 ,
=30-




o -2
2 2
(2.15) Illaxxe(t,x)lllq < Kt (1+4¢) “, for all t >0 ,
-1
(2.16) |3t9(t,x)l < Kt 2, for all t >0 ,
-1 -8
(2.17) late(t,x) - daxv(t,x)l < Kt 2(1+t) 2, for all t >0 .

Since the solution to (1.1), (0.7) satisfies the properties (A) to (E) if

uM € X (see Theorem 1.13), the set X is not empty. Now X shall be

endowed with the metric d(°*,*) : for (w,z,v,90), (w,z,v,0) @ X, we define

m-1

(2.18) a((w,z,v,8), (w,z,v,8)) = sup (1+t) 2 Bu(t,x) - wit,x)]
£20

m m

+ sup (1+t)2I8xw(t,x) - axw(t,x)l + sup (1+t)2I3tw(t,x) - atw(t,x)l
t»0 t>0

1 m

+ sup t2(1+t)2|3t3 wit,x) - 3t3xw(t,x)|
0<t<1 x

a m
+ sup t2(1+t)2l8t3xw(t,x) - 3,3 wit,x)
£1
1

+ sup lz(t,x) - z(t,x)! + sup (1+t)2l3 z{t,x) - 3 z(t,x)1
£0 £20 x X

1

+ sup (1+t)2l3tz(t,x) - atz(t,x)l

£>0
1 ol
+ sup t2(1+t)2laxxz(t,x) - 3xxz(t,x)l + sup Iv(t,x) - v(t,x)I
£>0 £20
1l l a
+ sup (1+6)712 v(t,x) - 3 v(t,x)1 + sup ore?n vie,x - 2 vie, 1
£>0 >0
il
+ sup tzlatv(t,x) - atv(t,x)l + sup 06(¢,x) - 6(t,x)!
t>0 t20
-31-~




1 1 Q
+ sup (1+t)2l3 O(t,x) - 3 B(t,x) + sup t2(1+t)2I3 6(t,x) - 3 B(g,x)N
x X XX ey
t>0 t>0
1 1+a a
+ sup tzlate(t,x) - 3t9(t,x)l + sup t 2 (1+t)2|||3xx6(t,x) - E)xxa(t:,x)lll(x
t>0 £>0
1 L]
+ sup t2(1+t)2l3 6(t,x) - dd v(t,x) - 3 O(t,x) + A9 v(e,x)f .
t X t X
£>0
It is not difficult to see that X becomes a complete metric space with the 1

metric d(*,°*). The proof of this fact is left to the reader.

Before proceeding to Step (II), we shall make some preliminary remarks.

1

o (u.0) 2re analytic functions of u, 8 in a
e ’

We recall that p(u,9) and

neighborhood of (0,0). So the first condition we should impose on K is

(2.19) K < min(% v, 1) ,

where V is a positive number such that p(u,9), can be expanded as 3

ee(u,e)
Taylor series in u, 6 if |u]l € 2v, |9] € 2v. Hence, recalling that
-pu(0,0) = a, we see that

(2.20) pu(w+z, e) + a-= z aqrsqures
18q+r+s

is valid if |wl, lz|, 19} € 2K. Next we observe that if (w,z,v,0) e x, it

follows that z, 6 e c((0,®); Co)- Hence, for nonnegative integers q, r, s,
q+1 ra8 . :

(w )xz 6 is well-defined and belongs to C((0,*); M). Now we define for

given (w,z,v,9) e ¥,

n a
(2.21) s (g,x) = § =B (I ,TeS
n 1€q+r+s a X
and
(2.22) o(t,x) = p(wtz, e)x - pu(w+z, 9)zx - pglw+z, 6)6x +aw .

Then we have
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Lemma 2.2. Sn(t,x), o(t,x) € c((0,=); M) and Sn(t,x) + o(t,x) in M

uniformly in t as n * ®, 1In addition, it holds that

=1-m

—t—

(2.23) to(t,x)¥ < MK2(1+t) 2 , for all t >0 ,

where M 1is independent of K and t.

= * = * = * i
Proof. Let us set w. = w*P_, z. = z*P, 9e 0 P, and define

T a rs 1 r,s
s o(tx) = ] =EE T Tel
! 18g+r+s a*

© a
grs g+ X,s
L (we )28

S (t,x) =
€
€ 1<g+r+s qt

Then using (2.20), (2.22) and the properties of X, it is obvious that

Se(t,x) € c((0,2); M) for each € > 0 and that

Se(t,x) = p(we+ze, ee)x - pu(we+ze, ee)axze - pe(ws+z€, Ge)axee + aaxwe

]

ee) + a}axwe

{pu(we+ze,

holds. Moreover, we can easily see that for each fixed t > O,

plwg, + z ee)x * plwtz, e)x in D*(r) ,

el
pu(we + 2z, 95)3xz€ + pu(w+z, 9)3xz in D*(R) ,

pe(we + z ee)axee * pglwtz, 9)3x9 in D*(rR) ,

el
when € * 0. Therefore, for each fixed t > 0, S_(t,x) * 0(t,x) in D*(Rr).

Combining this with the estimate

=1=-m

{(2.24) lSs(t,x)l < MK2(1+t) 2 , for all € >0, t >0 ,

where the constant M is independent of K and t, we conclude that for
each fixed t > 0, o(t,x) € M and Sglt,x) * 0(t,x) in the weak * topology

of M, from which (2.23) follows. On the other hand, it is easy to see that

=33~




e e e

for each fixed t > 0 and n, sn e(t,x) * Sn(t,x) in the weak * topology
’
of M as € * 0. Hence it holds that

(2.25) | <o(t,x) = 8 (t,x), g(x) > | < lim | < Sg(t,x) - S

,e(t.x), gi(x) > |
£+0

q+r+s+1(1+t) 2

<agt ) Iaqrslx
L n+i€qtr+s

(q+1)- %(r+s)

for all g e CO(R) and t > 0, where <°*,*> denotes the duality pairing
between Co and M. Now the remaining assertion of the lemma follows from
(2.25).

(Step II). We shall construct a mapping T from X into itself, For

(wlzlvle) e x, (wz,v,0) = T(w,z,v,0) is defined by
- -at t
w(it,x) = e uo(x) - IE G,z(t-t,x)*c(r,x)dr
2

t
+ I; e 5T (o (wez,8) + aw + az + bO}(T,x)aT

where 0(T,x) is given by (2.22),

(2.27) z(t,x) = H1(t,x)*u0(x) + G12(t,x)'v0(x) + G13(t,x)*90(x)

- I; G12(t-1,x)*[{pu(w+z,9) + a}axz + {pe(w+z,0) + b}axel(T,x)dT

2
t

- g Hs(t-T,x)'{p(w+z,9) + aw + az + bB}(T,x)dT

Pa(wtz,0)

-t e (-1, 0% ({ (8+46) + a}3 v](T,x)dt
0 13 X

ee(w+z,9)

t 1 2
+ 15 G13(t-t,x)'{ee(w+z'e) (3 _v)“HT,x)at
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+ I: 3(E=Tx)" [{ - c}axxel(f,x)dr .

(w+z,9)

(2.28) vit,x) = G, (£, x)%u;(x) + G, (£, x)*Vy(x) + G, (£, x)*8(x)

; 22(t T,x)%9 {p(w+z,3) + aw + az + bO}(T,x)dr
P (wz'e) §
o Gpz =T, x)® [{'_T;:;TET (048) + a}d vi(t,x)at
+ f (t-1 x)'{————l———— (9 v)z}(T x)art
0 23 ! ee(w+z,9) x ’
+ [ (t~71 x)'[{—-—1——- - ¢c}3_ 8)(T,x)dx
0 23 4 ee(w+z,e) ple 4 ’ 4

(2.29) O(t,x) = 631(t,x)*uo(x) + G32(t,x)*v0(x) + G33(t,x)'9°(x)

(t~T,%)*d {p(w+z,9) + aw + az + b8}(Tt,x)at

0 32
Pe(wz' 8)
0 33(t T,x)* [{——T;:;TET (8+48) + d}axv](T,x)dt

t 1 2
+ /o G33(t-1,x)*{ee(w+z'e) (3 v)“HT,x)dt

(t=1,x)*[{

m - c}axxe](‘t,x)d'r .

+ J’o 33

-~ - ~

Since (w,z,v,0) @ X, it is easily seen trat w, z, v and O are well-

defined as distributions in ((0,®) X R) and satisfy the equations:
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T T = s =2

~ ~ .~ ~

v, = alwtz) + b8 +v - 3x{p(w+z,9) + aw + az + bb}

t
(2.3o)<
- - - pe(w+z,e) _ 1 5
= - {———— ] (U S —
et dvx * cexx {ee(w+z,9) (8+8) + d}vx M ee(w+z,9) (Vx)
+ {————L———-- cl}o
L ee(w+z,9) xx '

in D*((0,®) x R) (see Appendix).
Now we shall prove that (w,z,v,0) € X. Throughout the remainder of this
paper, the constants M will be independent of K and t.

Lemma 2.3. J1(t,x) def f: G12(t-1,x)*d(1,x)d1 satisfies the properties (A)
2
of (Step I), except w(0,x) = uo(x), with Mk2 in place of X in (2.1) to

(2.4) and it holds that J1(0,x) = 0,
Proof. Estimates for IJ1(t,x)l and I3XJ1(t,x)l follow immediately from
(2.23) and Lemma 1.7. 1In order to estimate latJ1(t,x)| and |3t3xJ1(t,x)l,
we define
= t - *
(2.31) g, (€sx) IE Gy, (E=T,x)*s (T,x)dT
2
where Sn(T,x) is given by (2.21). Then on account of (2.25), it is clear
that lgn(t,x) - J1(t,x)l *+ 0 uniformly on (0,®) as n * ®, from which it
follows that
. 1

3.9, (£,x) * 33 (t,x) in D*((0,®); L (R)) ,

9 > ; *

taxgn(t,x) 3t3xJ1(t,x) in D*((0,%) x R} .
Now the proof is completed by the following lemma.
Lemma 2.4. For each n, 9 gn(t,x) € C((0,=); L1), 3t3xgn(t,x) e C((0,%®); M)

t
and it holds that
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(2.32) Iatgn(t,x)l < MK2(1+t) , for all t >0 ,

Nig

LAk
N

1
(2.33) 'ataxgn(t’X)u < MK2(1+t) (t 2, t ), for all ¢t >0 |,

where M 1is independent of XK, n and t. Furthermore, as n,k *+ ®

(2.34) latgn(t,x) - atgk(t,x)l + 0 uniformly on [0,®)
and
(2.35) nataxgn(:,x) - 3t3xgk(t,x)l + 0 unformly on each

compact subset of (0,%) .
Proof. Since S, is a finite sum, we may estimate each term of g,(t,x). By

integrating by parts, we see that

def t q+1
. = 3 - *
(2.36) Mqrs(t,x) . ft G, (e=T,x)* {(w

2

) Zres}(‘lx)dt
X

= - t - P L S P t _ g+l r.s
3, ]E Gy, t=T x)* (W (270%) }(T,x)aT + 3 }E Gy (t=T, ) ¥ (T 1278%) (1,04t

2 2
- 1 t af.atl, rps t _ rt - £ [ Qt1 ros
3 Gpp (e wd (276%) }=,x) f& 3.G,, (t=T, )+ (w1 (278%) }(7,x)ar
2
_at
1 t qtl r.s t g+l r s 2 q+tl r s t
— -— * -— - —_
+ > G12(2,x) (w z 6 )x(z,x) wr z B (t,x) + e w 2z 6 (Z,x)
-a(t-1) g+
+a fr e TGINTe% (1 ar + [T n (em 0w T 2T0%) (r,x0aT

2 2

Here we have used (1.38) and the fact that 9. G, _(t,x) = 3 G_._(t,x) in
t 12 X 22
D*((0,*) x R) which follows from (1.7) (see Appendix). Applying Lemmas 1.7,

1.9 and the properties of ¥, we can derive that

1
Mqrs(t,x) € Cc((0,%); L)

(2.37)

+r+s+1
LICE LI (qrr+stDMKT T8 ey °, for all e >0

(S IE |
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where M 1is a constant independent of t, K, q, r and s. Therefore, we

conclude that

n a
1
dgit,x) = ) Ty (¢,x) ec(o,®; L)
t°n 1<qtr+s gt+1 qrs
and, by recalling (2.19),
n -n
(2.38) 13 g (t,x)0 ¢ ] 91£:$11 la  |M kTTFE ey 2
t°n 1<q+r+s qt+ qrs
-
2

< HK2(1+t) , for all £t >0 and n > 1 ,
where M denotes different constants independent of K, t and all the dummy

indices. From the estimate

m
n - -
+5+ +
(2.39) 19, g _(£,%) = B g (£, < ) 915—%—1 la___In kTS 2
k+1€q+r+s a* qrs

for all t >0 and n ?» k+1, we get (2.34). Next, we define

€ - t _ - qt1 r,s
(2.40) Morglte®) = 3, ]E G, (t=T,x)*{(wd )z 82}(T,x)at
2
where w, = w*_, z_ = z*P, ee = 8%*p_. Then using (2.36), we have
€ :l E * q+1 IgS .E
(2.41) axuqrs(t.x) 3 3,8y, Xl (2.80) Nz x)
q+1 q+1

t r.s
IE 3.6, (t T * {(w, 1, (2e8e), + we
2

(2g03) HT,x)at

1 t qtl res, .t
+5 3xG12(2,x)‘(we zeee)x(z'X)

at
g+l r,.s 2 q+1
(we zeee)x(t,x) + e (wg

-] t
zeee)x(-z"x)

+

t ~a(t-T7 +1
a IE e al )(wg z:0:)x(1,x)dt
2
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q+1 rgs
e Z¢ E)r(T,x)dt .

+ ft 3 H(E=T,x)*(w
2

In order to estimate the last integral, we need to observe that (1.41) implies
-3

(2.42) laxHS(t,x)l < Mt 4. for all t >0 .

Combining this with (2.19), the properties of X and Lemmas 1.7, 1.9, we

obtain

€ 1
(2.43) 3qurs(t,x) e c({(o,®); L) |,

-2 o
2

NiQ

1
(2.44) '3xM;rs(t.x)l < (q+r+s+1)2M xq+r+s+1(1+t) (t 2., t %), for all t >

qtr+s

€ € 3
- <
(2.45) laxuqrs(t1,x) I M (tz,x)l p(t1,t2)(q+r+s+1) M K . for all t ,t

X qrs

where M is a constant independent of t, q, r, s, €, X, and D(t1,t2) is a

function of ty,ty > 0, independent of q, r, s, €, which tends to zero as

2 1
fact that for each t > 0,

t, *t, > 0. Comparing (2.36) with its analog for M;ts(t,x) and using the

zg * z, ee + 0 in CO(R) '
1
>
we > W, axze +> axz, 3x9e + 3x9 in L (R) ,
1
»> > +
atwe atw, atze atz, atee ate in L (R) ,
L)
wg +wl weak * in L (R) for all positive integer q ,
<0
atw, 3xz, 3x9 eL (R) ,
. € .
it is easily seen that Mqrs(t,x) converges to Mqrs(t,x) in D*(R) for
. . : € .
each t > 0, which implies that aqurs(t'X) converges to aanrs(t,x) in
D*(R) for each t > 0. Combining this with (2.43), (2.44), (2.45), we derive

€
that 9 M (t,x) is the weak * limit of 9 M (t,x) in M for each
X qrs X qrs

t > 0, and that

dE

1 _s
2

+rig+l -
Trretl ety e P+ 2, foralit o

2
(2.46) |3qurs(t,x)l € (g+r+s+1) M K
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+r+
Kq r s’ for all tj't2 >0,

3
- <
(2.47) Iaqurs(t1,x) aqurs(tZ’X)l D(t1,t2)(q+r+s+1) M

from which it follows that

(2.48) axuqrs(t,x) e c((o,=); M) .

Now it is obvious that

n a
(2.49) 3.3 g (t,x) = § 2By M (t,x) ec((o,®; M) ,
t x°n 1<qtrs qt+1 X qrs

and (2.33), (2.35) hola.
t
Lemma 2.5. Jz(t.X) def fg e-a(t-T){p(W+z:e) + aw + az + bO}(T,x)dT has the

same properties as were stated in Lemma 2.3.

Proof. Proceeding as in Lemma 2.2, it is easy to observe that

pl(w+z,0) + aw + az + b® e c((0,%); L‘) v

(2.50) 1
Ip(wtz,0) + aw + az + bON < MK2(1+t) 2, for all t > 0 ,
and
p(w+z,6)x +aw +az + bex e Cc((0,=); M) ,
(2.51)

’ 2 -1
Ip(w+z,9)x + aw, + az_ + bﬂxl € MK“(1+t) ', for all ¢t > 0 ,

which yield the result.

Before proceeding to get other estimates, we note the following fact:
Lemma 2.6. Suppose g(°*,*) € C1(RXR), g(0,0) = 0 and |Dg(*,*)| is bounded
by the constant L. Let h1(t,x), hz(t,x) and h3(t,x) belong to
c({(0,®); L1f1 BV). Then, it holds that
(2.52) 3 {gth, (£,x), h,(t,x))h,(t,x)} € C((0,); M)
and

lax{g(h1(t,x), hztt,x))h3(t,x)}l <

(2.53) 3
< 3 Llaxh3(t,x)l(laxh1(t,x)l + laxhz(t,x)l) for all t >0 .
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Proof. Regularizing h,, h2, h3 with respect to x and using the

convergence argument in Lemma 2.2, we can obtain the result.

def (t
Lemma 2.7. I (%) € IE G12(t~1,x)*[(pu(w+z,9) + a}zx +
2
{pe(w+z,9) + blax](f,x)df satisfies the properties (B) of (Step I) with MK2

in place of K in (2.5) to {(2.7).

Proof. The proof follows immediately from the properties of X and Lemmas

1.7, 2.6.
t
Lemma 2.8. J4(t,x) def fg Hs(t-T,x)*[p(w+z,9) + aw + az + bBj(T,x)dr

satisfies the same properties as were stated in Lemma 2.7.

Proof. It suffices to combine Lemma 1.7 with (2.50), (2.51).

pe(w+z,0)

Lemma 2.9. Js(t,x) def f; G13(t-1,x)*[{ (8+0) + d}vx](T,x)dT

ee(w+z,0)

satisfies the same properties as were stated in Lemma 2.7.

pgl*,*)
Proof. Since ) is an analytic function in a neighborhood of (0,0)
e ’
pg(0,0) _
and - ;;THTET 8 = d, we can write
pg(w+z,8) ® qar
(2.54) ;;?;:;757 (0+48) + d = a  (wtz) + a 08 + ! a__(wrz)3e
2€q+r

if |wl, Jzl, 18] € K (recall the condition (2.19)). Break Jg into

35’1 + JS,Z' where

£ Pa(w+z,0)

2
jo Gyt~ )% [

(2.55)  Jg . (£,x) (8+48) + dlv_l(T,x)dt ,
’ 4

ee(w+z,9)

¢ pglw+z,8)
(2.56) Js,z(t'X) = IE G13(t-f,x)'[(;;T;:;737 (640) + d}vx](T.x)dT .
2
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Using the property (C) of (Step I), we see that, for each t > 0,

t t
(2.57) ff, G13(t-T.X)'{(w+z)vx}(T,x)dT = tién fi 613(t-r,x)'{(w+z)vx}(r,x)dr
2
= lim Iz G,s(t-t.x)*{(w+z)(w+z)t}(t,x)dr
€+0
~3 -1— -t- 2 -t- - l * 2
2 G13(2.x)’(w+z) (2,x) > 613(t,x) {w+z) (0,x)
t
1 2 2
+5 :f: g 38,3t )% (wtz) (T, x)at .

But 3tG13(t,x) - 3x623(t,x) in Dv((0,®) x R) and hence, by virtue of

Lemmas 1.8, 1.10, we obtain

t
(2.58) Ig G13(t—1,x)’{(w+z)vx}(‘f,x)d'r e c(o,); L")

and, assuming luol + laxuol < K (which will be fulfilled by (2.200)),

t
(2.59) lfg Gy (t=T, )2 ((wrz)v }(T,x)aTH < wk2, for all t >0 .

Next we have

t t
(2.60) 12 G, (t-T,x)*{6v }(T,x)dT = lim fz G, (t-T x)*{ 86_}(1,x)at
: 013 " x ! esg € 1B 7T a e !
t .
+ lim [2 6, (t-T,x)*{8(v_- + 8_)}(7,x)dt
e+0€13' x 4 tv'' ! ¢

1

The L -norm of the first integral on the right hand side can be estimated by

integration by parts as in the derivation of (2.58), (2.59), and the L1-norm

of the second integral can be estimated directly with the aid of (2.17); we

obtain
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t

(2.61) [2 6 (e=t,x0% {0y }(T,x0aT € c(10,%); th

and, assuming IOOI + |axeo| € K (which will also be fulfilled by (2.200)),

t
(2.62) lfg G13(t-T.x)'{9vx}(T.x)dTI < MKZ, for all t >0 .

Noticing that

(2.63) I a_wa)¥™_eco,=r 1) ,
28g+r
- -3
(2.64) 1T a_(wz) %% 1 < m3(1+t) %, for all t > 0

28q+r

we derive that

t

’

(2.65) [P, (=10 § a r(w+z)q6rvx}(t,x)dt e cifo,; "

0 "13 2¢gtr

and' by (2. 19)!
t

-— B
(2.66) |j§ Gyttt *l I a_(w2)T6%v }r,0ant < mx2, forall t >0 .

2¢qg+r

Hence, we conclude that

1
(2.67) 35'1(t,x) e c({0,%); L), J5'1(0,x) 0
and
(2.68) 13, (e, < Mk2, for all t >0 .
’
Next we can directly obtain
1
(2.69) Js'z(t'x) e C( [o'”), L )' J5'2(0,x) 0
and
(2.70) 13, ,(t,x0 < Mx?, for all t >0 ,
’
from




pa(w"z,e)

(2.71) (8+6) + alv_(t,x) € C((0,=); L,

{ee(w+z,9)

pe(w+z,6)

(2.72) t{ (8+48) + d}vx(t,x)l < Mx2(1+c)", for all t > 0 .

ee(w+z,9)

Thus, (2.5) has been proved with K replaced by MK?. In order to estimate
1

the L'-norm of 3xJ5 = 3x35,1 + axJS,z’ it suffices to replace G13(t-T,x)
by 3xG13(t-T,x) for both ast 1 and 3xJ5 2° However, we note that for
’ ’
the case t € 1, 13 g ! can be estimated directly without going through the
x 5,1
lengthy procedure as was done for IJ5 1l. Finally, we will esti
r
laxxasl. By virtue of (2.19) and Lemma 2.6, we have
Pe(wzle) 5

. d [{—r——er
(2.73) x[{ee(w+z'e) (0+8) + d}v )(t,x) e c((0,®); M)
and

ey -1 o

. e <
(2.74) lax[{ee(w+z'e) (0+8) + d}vx](t,x)l MKt T(1+t) , for all t > 0
from which it follows that

. ¢ . pe(w+z,6) 3
= - * e ———————
(2.75) w5, 2 (Ee%) f& 13 (E7T%) ax[{ee(w+z’e) (8+0) + a}v ]
2
(t,x)at e c((0,@; L
L pgp (wtz,0)

(2.76) 9 J_ . (t,x) = f2 9 G _(t-1 x)*[{—e—————- (8+6 }

‘ xx 5,v ' 0 xx 13 ! ee(w+z,9) y+a vx]

(T,x)dT € €((0,%); L")
and
-1 -
2 2 2

. 13 <
{2.77) xxJs'z(t,x)l, laxxJ5'1(t,x)l MK t {1+t) , for all t> 0 .
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1

2
eg(wtz,0) (3xV) }(1,x)dT has the same

def (t
. - -T L ]
Lemma 2.10. J (t,x) "= [ G  (t=T,x)*{
properties as were stated in Lemma 2.7.

Proof. Using the properties of X, we see that

1

—_— 2 1
ey (wtz,6) ‘ax") € c((0,®); L)

(2.78) - l -1-0
(3xv)2l <m®e 2(1+t) 2, forallt>o0 , 1

1
ee(w+z,9)

and, applying Lemma 2.6 with some modification,

1

2
ax{ee(w+z'e) (axv) } e c((o,=); M)
(2.79)
1 2 2.-1 ~-a
— <
lax{ee( 2.0) (8xv) < Mx“t” (1+t)  , for all t >0 .

From (2.78), (2.79), we can easily get (2,5) with K replaced by MK2. Let

us define
t
(2.80) I (e, = [2 6 (t-1,x) 4 {——— (3 v)2}(1,x)aT
6,1 ' 0 13 ! ee(w+z,9) x '
and
t 1 2
(2.81) 3¢ 2 (tex) IE G13(t-1,x)'{ee(w+z’e) (A VM, x)at .
2

Then, using the properties of G13(t,x), it is easily seen that

1
(2.82) 3x36'1(t,x), 3x36'2(t,x) e c(l0,®); L)
and
A
2 2
3 <
(2.83) laxJ6'1(t,x)|, | st,z(“'”)' MK (1+4t) , for all ¢t >0 .,

Observing that
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t
(2.84) 3 3. (tx) =23 6. (t=T,x)%{——— (3 v)Z}(T,x)aT
xx 6,1 ' 0 xx 13 ! ee(w+z,9) x ’ ‘
(2.85) 3_J,_ .(t,x) = ft 3G, (t=T,x)*d {~——t—u (3 v)z}(T x)dr
xx 6,2 ' t x 13 ’ x eg(wtz,8) "'x ‘ '
2
we can derive that
1
(2.86) 3xx36'1(t,x). 3xxJ6'2(t,x) e c((0,*); L)
and 1 _a
2 2 2
(2.87) |3xxJ6'1(t,x)l, laxxas'z(t,x)l < MKt  “(1+t) . for all ¢t >0 .

1

eglwtz,8) c}d  B1(T,x)aT satisfies

def (t - -
Lemma 2.11. J,(t,x) Io Gy (=T, x)* [ {
the same properties as were stated in Lemma 2.7.

Proof. First, observe that

(2.88) {;;-(-;;:-é—) - chd_B(e,x) e c((0,=); L")
’
and
-1 -1-a
(2.89) '{3_75%2_37 - c}axxe(t,x)l < szt 2(1+c) 2 , for all t >0 .
e r

Proceeding similarly to the proof of Lemma 2.10, we can easily verify that

J7(t,x), 3xJ7(t,x) satisfy the required properties. Next, recalling the fact

b -at 1
that 3 G ,(t,x) =2 e ats(x) + Hg(t,x), where H_(t,x) @ C((0,®); L') with

the estimate (1.53), we can write

1

= t - *rfM—e -
axxJ7(t'x) IE axxG13(t Tox) [{ee(w+z,0)

2

c}axxel(f,x)df

(2.90)

1

t
2 4 - ——————
+ 1 Palslt T"‘)'[{ee(wz,e)

- C}a e](TlX)dT
p.¢.4

and estimate these two inegrals separately. Using
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N )=

(2.91) lna(t,x)l < Mt , for all t > 0 (which follows from (1.53)) ,
for the first integral and
(2.92) |H8(t,x)| < Mt-1, for all ¢t >0 ,

for the second integral, we obtain

(2.93) 3_J,(t,x) € Cl(o,=) L)
and 4
1 _a )
2.2 2
{2.94) Iaxxa7(t,x)l < MKt “(1+t) , for all t >0 .

Lemma 2.12. Je(t,x) dgf fg G (t—r,x)'ax{p(w+z,9) + aw + az + bB}(T1,x)dT

22
satisfies the properties (D) of (Step 1) with K replaced by sz, except

v(0,x) = vo and (2.11). In addition, Jg(0,x) = 0.

Proof. Breaking Jg(t,x) into two parts by

t
Ja(tlx) = ft

2

Gzz(t-t,x)*ax{plw+z,e) + aw + az + bB}(T,x)aT

(2.95) t

+ fg 3xG22(t-T,x)'{p(w+z,9) + aw + az + bO}(t,x)dtr ,

2

we can easily find (2.8), (2.9) with K replaced by MK® with the aid of

(2.50) and (2.51), which, combined with the dominated convergence theorem,

also yield
(2.96) 3 (t,%) € C(10,®); vy, 34(0,%) = 0
(2.97) 3 g (t.x) € c((0,#); L) .

x 8

Since laxszz(t-T,x)l is not integrable over (0,t), it is rather
complicated to estimate Iaxxae(t,x)l. First, recalling (0.10) and (2.19), we

write
(4
(2.98) p(wtz,8) + aw + az + b8 = ] b
24qtr+s I

qutes
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e

and define
n
(2.99) F (t,x) = Y b rs wizFe®
n 2<g+r+s 1
(2.100) I, (tx) = [ G _(t-T,x)*3 P (T,x)dT .
8,n '’ 0 22 ' xn

Then, F, (t,x) converges to {p(w+z,06) + aw + az + bB}(t,x) in L‘(R)

uniformly on (0,®) as n + ®, Therefore, axst n(t,x) converges to
’

axxJB(t'x) in D*((0,#) x R). Since F,(t,x) is a finite series, we can

estimate axxJ n(t,x) term by term. Set

8,

- t - q.Ir,s
(2.101) qus(t,x) ] G, ,(t T,x)*ax{w z 8 HTt,x)dr .

t 22
2

Assuming Lemma 2.13 which will be proved subsequently, we see that

,x)*ax{qu‘es}(g,x)

- - q r.s t
(2.102) qus(t,x) 3x{w z 6 H(t,x) + Gyy (3

+ f: axczz(t-r,x)*at{qures}(‘t.x)df
2

.t - . q . ra8
a IE 3xG12(t T,xX) 3x{w z 0 }(T,x)at
2

- t - * q_TasS
b IE. 3 Gy, (t=T,x) 3x{w z 0 }(1,x)dt
2

holds in D*((0,®) x R). Considering each term of the right~hand side, we

deduce that, for q ?» 1,

(2.103) qus(t,x) e c((0,*); M)
and 1 _a
(2.104) 19, rgttex)t € (arrvak ™% 2(4e) 2, foranl e 0

where M is independent of q, r, s, K and t. For the case q=20,

r+s » 2, we note that
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axx{z‘es}(t,x) € c((0,®); M)

(2.105)

laxx{zres}(t,x)l < (r+s)(r+s-1)MKr+st (1+t) , for all t >0 ,

where M 1is independent of r, s, K and t, and use the formula

t rn,s
(2.106) Qg E%) jE axczz(t-T,x)‘axx{z 8°}(1,x)ar
2

to find that

(2.107) Q. (tix) € CL(0,®); L)
- . e
(2.108)  1Q___(t, 01 S (r+s)(r+s - DMK 5t 2(1+¢) 2, for all t>0 .
Next, set
:
2
(2.109) Roygltix) =3 [0 Gzz(t-f,x)*ax{qures}(T,x)dt .

Recalling that

axxczz(t,x) e c((0,=); M)

(2.110) 1
laxxG22(t'X)| <Mt , forall t>0 ,

we get, for the case qtr+s ? 2,

(2.111) Rors(trX) € CL(0,); My
-1 -z
+r+

(2.112) qurs(t.x)' < (grres)MkT T8 2(1+t) 2, for all t >0 .
From the properties of qus' Rqrs and the fact that

® o v atr*s

Z b s(q+r+s) Q? is an absolutely convergent series, it follows
2<q+t+s
that
(2.113) axxJa,n(t'X) e c((0,=); M)
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-1 -
2

N

2

(2.114) "o (t,x)! € MK"t “(1+t) , for all £ >0, n2>2 ,

xxJB,n

(2.115) 13 g (t,x) -39
xx 8,n

8 (t,x)8 * 0 uniformly on each compact subset
’

xxJB ? k
of (0,®) as n, k + =,
Hence, we conclude that

(2.116) 3xxJ8(t.x) e cl{(o,=); M) ,

1
(2.117) 133, (¢, 00 < et 2(1+t) %, for all t >0 .

Nl

To complete our argument, we shall present:

Lemma 2.13. Let g(t,x) € C{((0,%); L1 a BV), Btg(t,x) € Cc((0,™); L1), and ]

set Q(t,x) = f: G22(t-1,x)*3xg(1,x)dt. Then, it holds that

2
(2.118) 3__Q(t,x) = =3_glt,x) + G, (5,x)*3_g(,x)
xx* ! x ! 22°2' x”°2'
1
t
+ {E 3xG22(t-T,x)*atg(T,x)dT
2
t
-a ]E axc12(t-t,x)*axg(r,x)dt
2
-b [t 3 G, (t-T,%)*3 g(1,x)dT in D*((0,®) x R)
t “x°32 ’ xg ’ ’ .
2
Proof. Define
max(%,t-e)
(2.119) Q (t,x) = IE G,, (t=T,x)*3 g(T,x)aT .
2

Then, it is easily seen that Qe(t,x) + Q(t,x) in D*((0,®) x R) and hence,

axee(t'X) *> 3xe(tax) in D*((0,®) x R)s In the mean time, we have, for

06 <€ < 3,
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t-€
(2.120) 3_ g (t,x) =f£ 3 Gpp (E=T,X)*3_g(T,x)dT
2

t-€ t-€
= - 3 -T *3 T - 3 - *J
a IE xG12(t ¢ X) xg( /x)dt = b [E xG32(t T,x) xg(T,x)dT
2 2 P

t-€ e
+ IE 3,G,, (t-T,x)*3_g(T,x)dT ,
2

which follows from the identity

3xxG22(t,x) = -a3XG12(t,x) - baxc32(t,x) + 3tG22(t,x) in D*((0,®) X R) .

But we see that

t-€ t t
[E 3tG22(t-T,x)*3xg(T,x)dT = Gzz(E,x)*axg(E,x) - Gzz(e,x)*axg(t—e,x)

2

(2.121) e
+ I& 3 G, (t=T,x)*d g(T,x)dT
2
and
-1 -552 A

Gzz(e,x)*a glt-€,x) = 314(e.x)*8 g(t,x) +-FE {e i€ g(t,8)}

(2.122) x x

+ Gzz(e,x)‘{axg(t-c,x) -3 g(t,x)} ,
which follows from Lemma 1.9. Using the fact that
{(2.123) IH14(€,x)l +0 as € * 0
and that for each fixed t > 0,
(2.124) |3xg(t-€,x) - 3xg(t,x)l +0 as €+ 0

2
~€
(2.125) e : if §(t,&) + iE §(t,8) in tempered distribution as € * 0 ,

LET S

we can easily obtain (2.118) by letting € tend to zero.

We proceed to estimate the remaining integrals. Let us define
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s = I wer

P (wzle)

(2.126) Jglt,x) = j; czgt-r,x)*[{ (8+6) + d}axvl(r.x)dr '

ee(w+z,9)

1

2
ee(w+z,9) (axV) Hrxyar

= t - *
(2.127) J10(t,x) 0 G23(t T,x)*{

1

et U tmare -

t
(2.128) 3 (%) = Io G c}d_ 81(t,x)dT .

23
Then, proceeding analogously to the proof of Lemmas 2.9 to 2.11, we can obtain
the following result:
Lemma 2,14. Jg(t,x), J10(t,x) and J11(t,x) satisfy the same properties as
were stated in Lemma 2,12,
def (t

Lemma 2,15. J,(t,x) = J G32(t-T,x)*3x{p(w+z,e) + aw + az + bO}(T,x)ar
satisfies the properties (E) of (Step I) with K replaced by MKz, except
0(0,x) = 90, (2.16) and (2.17). 1In addition, J12(0,x) = 0 holds.
Proof. The assertions concerning J12(t,x), BxJ12(t,x) and 3xxJ12(t,x) can
be verified by the method of proof of Lemma 2.12. But G32(t,x) behaves
better than G,,(t,x) and hence, we can estimate 139 J__(t,x)! more

22 xx 12
directly. Note that (1.81) yields
(2.129) 19 6. ()1 sMe ", forall t>0, all 0<B <L,

xx 32" °° ! ’ 2

Combining this with (2.51), we can easily derive that

1
{(2.130) 3xxJ12(t,x) e C((0,®); L)
. -8
2. 2 2
(2.131) 19 J_ . (t,x)} € MK"¢t (1+t) , for all t >0 .
xx 12
It remains to estimate I|l3xxJ12(t,x)||Ia. Using (1.81), (1.82) and (1.133),

we conclude that

L 1,2
(2.132) 8xxG23(t,x) e c((0,®); Aa Y
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-8 hl
2 2, ~1
2 <
M xxcz3(t,x)lllq Mt T (e+t”)
(2.133) e o
< Mt 3, by 0 <ac¢ % .

Therefore, we have

t
IllaxxJ12(t,x)lllu < folllaxxG23(t-T,x)llIalax{p(w+z,6)+aw+az+b9}(f,x)IdT

(2.134)
I
< [Eoeen CoenTla
-1-a _a
2, 2 2

< MKt (1+¢) , for all t >0 .

(Here we have used again the fact that 0 < o € % o)

Palwtz,0)

def [t o (pe1,x)*({

Lemma 2.16. J13(t,x) o %33 237;12757

(8+8) + d}axv](T,x)dT
satisfies the same properties as were stated in Lemma 2.15.
Proof. Using Lemma 1.11 and the identity

(2.135) (t,x) = cd G__(t,x) + dd G__(t,x) in D={(0,») x R) ,
xx 33 x 23

2
%33

we can proceed similarly to the proof of Lemma 2.9 to arrive at

-] 1 =
J13(t,x) e c([0,~); L), J13(0,x) 0
{(2.136)

13, (8,300 < mx2, for all t >0 ,

® 1
3x313(t,x) e C((0,®); L)

(2.137)

193, (g0 € M2 (1+t) 2, for all t > 0 ,

N
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o 1
3xxJ13(t,x) e c((0,®); L)

(2.138)

1 a
2,” 2 T2
IaxxJ13(t,x)| € MKt (1+t) , for all t >0 .
Next we will estimate |||3xxJ13(t,x)||lu- Writing
t pe(w+z,9) -
= - L e ————
(2.139) 3T .(t,x) f& 3 Gy, (t=T,x) 3x[(ee(w+z'9) (8+6) + a}d vi(T,x)at
2
£ Py (w+z,6)

+ fg axxGas(t-T,x)*[{ (8+8) + d}axv](T,x)dr

ee(w+z,9)

and using
1,*
3x933(t,x) e cio,®; A ')
(2.140) -1-a
|I|3xG33(t,x)|||a < me 2 , for all t>0 ,
1,®
axxG33(tlx) e c((0,%); Aq )
(2.141)
-1= 3
|||3xxG33(t,x)|||a < Mt , for all ¢t >0 |,

which follows immediately from (1.95) and a modification of Lemma 1.14, it can

be easily deduced that

1,0
3 Jy3lt.x) € cio,=; AS )

(2.142)

1113, 35 Ex) 11 € M2t 2 (1+t) 2, for all t >0 .

-84~




1

(t‘tlx)'{ea(wz’e)

Lemma 2.17. J,(t,x) agf I; G (3xv)2}(1,x)dr satisfies

33
the same properties as were stated in Lemma 2.15.
Proof. The agsertions concerning 314(t,x) and 3xJ14(t,x) can be verified
analogously to the proof of Lemma 2.10. By the same argument as in Lemma
2.16, we can estimate laxxJ,7(t,x)l and lllaxxa17(t,x)llla. The technical
details are left to the reader.
Next we shall present some lemmas which will be used later on.
Lemma 2.18. If g € L'(R), then for any h € R,
h o0
(2.143) Jo latx=t)lde < [ lgly+h) ~ gly)|ay
holds for all x € R.
(]
Proof. Let gn(x) e CO(R), n=1,2,.. , such that 9, + |g| in L‘. Then,
we have
h h x x h
[o 9ptx-trae = [ ae [7 0 g (y=tray = [T, ay [ 3 g (y-t)at
(2.144)
= X (g (y) - g (y-h)}ay < ["_ [g (y+h) - g (y)|d
- g (y g (¥ y -- g, (¥t g, (vildy .

It is obvious that

(2.145) jg gn(x-t)dt *> fg ]g{x-t)|dt, for each x @R, he R ,
and
00 [ ]
(2.146) [, lg (yth) = g (y)ldy * [, Ilgly*h)] = lg(y)|ldy, for each heR ,

from which it follows that
h 0 w®
(2.147) jo lgtx=t)lat < [__ llgtym)| = la(y)lldy < [__ lgly+h) - g(y)lay ,
for all x € R, h e R.
Lemma 2.19. Let f3(x) = f,(x)fz(x), where f1(x) e L1 n BV and
£ (x) e A", Then £_(x) e A" ana
2 a ° 3 a n
3
<< .
(2.148) g, S 210 e Gat g1l

= * -
Proof. Set f1'n(x) f1(x) Pl(x) and f3'n(x) f1'n(x)f2(x). Then, we

have n
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Nf3'n(x+h) - fa,n(X)" < lf1'n(X+h){f2(X*h) - fz(x)}i
(2.149)
+ l{f1 L (x+h) - f1,n(x)}fz(x)l '

’
and, using Lemma 2.18,

- h _ fhy -
[ ax1£,001 [§ (3£, (xtt)lae = o) 1£,(x e 13,8, (x)laxa
(2.150)
L]
! < I-“ Iaxf

oD
1,n(X ax [_a 15y ty#h) = £ () lay

for all h € R. Combining these two inequalities, we get

g a1 < {ﬂf1'n(x)lL, + 1 e, JGOBHITE (0T
(2,151)
€ =

3
2aa.e, ot gl -

Since £, (x) > f (x) in L', there is a subsequence [f1 } such that
’ ’

f1 (x) + f1(x) almost everwhere. Moreover,
’
1 1
< = € = >
'f1,n(x)'L' 2 laxfi,n‘X)l 2 laxf’(x)l, for all n > 1 ,
and
1
€ - .
|f1(X)'L¢ > laxf1(x)l

Hence, f nk(x) * fa(x) weakly in L’, which implies f (x+h) *+ f3(x+h)

3, 3.nk

1

weakly in L for each h € R, from which it follows that

3
gyl € Lm 11Hg, ol <2186 car Hg,mll, -

nk k

Now we proceed to analyze the remaining integrals.

1

def I -
ee(w+z,9)

t - »
Lemma 2.20. J,.(t,x) o G33(t=T/x) ({ c}axxel(T.x)dT
satisfies the same properties as were stated in Lemma 2.1S.
Proof. Using Lemma 1.11 and the method of proof of Lemma 2.11, we can easily
estimate IJ15(t,x)l and IaxJ15(t,x)l. For 3xxJ15(t,x), we should employ
a different method since uaxxG33(t-t,x)l is not integrable over (0,t). For

convenience, let us set

~56=
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1

(2.152) B(t,x) = {23731;757

- C)a e(tox) .
XX

1 },®
Since {;;?;%;737 - cl(t,x) € c((0,®); L n BV) and 3xx9(t,x) e Cc((0,%); Au ),

we can apply Lemma 2.19 to B(t,x) to obtain

B(t,x) € C((0,=); AL'™)

(2.153) ta -1-a

2t 2 (1+t) 2 , for all t >0 .

Fhiste,x) 1], € M

Next define

(2.154) T (e,x) = [Rax(E7€0)

G33(t-t,x)*B(T,x)dt .
Then, obviously Pe(t,x) + J15(t,x) in D*((0,®) x R) as € *+ 0, which

implies 3xxPe(t,x) > axxJ15(t,x) in D*((0,®) x R). Noticing that, for each

€>0,
max(t -€,0)
13 T (e,,x) -0 T (t.,x)0 <[ U 139G, (t -1,x)1 IB(T,x)lAT
xx € 1Y xx" € 2! max(tz-E,O) xx 33 % ' !
(2.155) max(tz-e,O)
F - - -
+ ]o 1, G, (t, =T,x) = 3G . (t,~T,x)! IB(T,x)ldT

holds for all 0 < tz < t1, we conclude that

1
(2.156) 3xxfe(t,x) e c(lo,®); ') .

In the mean time, for 0 < € < ¢,

t~€ (®
axxre(t,x) = IO f_w axxG33(t-T,x—y)B(t,y)dydt
{2.157)
t-€ (=
= fo e 3 G5 t=T,x=y) {B(T,y) = B(7,x)}dydt

is valid from Lemma 1.11. Now fix any closed interval [T1,T2] c (0,™).

Then, using (2.157), we find that
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(2.158) laxxre (t,x) ~ axxrc (t,x)1

1

t-€

1 © ® a
< - - -
It_ezdr J_etx [_ aylx-yl 13,835 (t=Tsx-y)

t-€

2

|[p(1,y)-B(t,x)l
Iy-xla

1 il a B(T,q)-B(T,q+r)]
" fpe o [ oS Laraalxl 13,6, (e=1,r) |{BLTa=BCEg

t-€

a
Ir]

< f lar st [Car 101%19 e, (t-T,1))
t-¢, ' a - *xx 33 ‘

2. 2

< MK'T

holds for all 0 < 51 < €
converges in L’

which implies

(2.159)
and
9 J . .(t,x) = lim
xx 15" ' €40
{2.160)

2

-1-a

dat t (1

;1_-—2 _1+ 2
-1+a
) 2 (1) 2 4 (=) },
by (2.153) and (1.97) ,
& a
2 2 a a
e1 + ez + e1 + 52 }

1
<5 T, andall te [T,,T,]. Hence, axxre(t’x)

21

uniformly on each compact subset of (0,®) as € *+ 0,

3xxJ15(t,x) e Cc((0,%); L1)

f:ax(t-e,O)I“

9
bad xxG33

(t=1,x-y) {B(T,y) - B(T,x)}dydT

= f; f:, 3xxG33(t-T.x-y){B(TaY) - B(T,x)}daydt ,

for each t > 0. Using this formula and the fact that 0 < a < %, we can

estimate laxxJ15(t,x)|

(2.161) 13 g (t,x)b < [Ear [T ax [T ay 1x-yI%19 G, (t-T,x-y)
. xx 15 09" /-w®X Y 1X7Y] 19,553 Xy

in parallel with (2.158):

< ux? [t att

1-a

2 (1+71)

58~

|lB(le)‘B(T.X)|

a
ly-x|
1-a a

z1-a 14 8

2

{(t-1) 2 4 (=)™ MY

4

P




1
2,72 -
< MKt (1+t) . for all ¢t >0 .

N

Next we shall estimate IllaxxJ15(t,x)llla for each t > 0, and prove that

1,“

t
®) . ; R /S ¢
3xxJ15(t,x) € c((0,%); Aa ) Fix any t > 0. If 3 |hl, then

a
1+ < =1-a a
19 J. _(t,xth)=2 J__(t,x)I 2 - = i
(2.162) xx_15 xx_15 <2 12 g (t,x)1 < mK’e 2 (1) 2. '
a a xx 15
|h| 3 4
t

Now suppose [h| < v % . axxJ15(t,x) can be written in the form

t

t_“[f; 3 833t~ Trx=y) {B(T,y) - B(T,x)}dydr 4

I xT15(Er%) =
(2.163)
+ ft-nfo 9 G, (t=-T,x-y)B(T,y)dydT, for any 0 < n<t .
0 ‘-% "xx 33 ‘ ‘ ‘
Let us denote the first double integral on the right-hand side by I,(t,x)

and the second one by 1I,(t,x). Then,

(2.164)
1 2 1 1
-2 < = - .
|h|“ laxxJ15(t,x+h) xxJ15(t'x)l |h|a II1(t,x)l + |h|“l Iz(t,x+h) Iz(t,x)l

By taking n = h2 < %, we have

1 1
3 lI1(t,x)I <

t ® n o ot vy 1 JBLT,Y) =BT, %) |
e-ndt [ aax [ aylx-y| 13 G, (t=T,x-y)]|

a
1hl Ih| ly=-x|
(2.165) a -1-a -1-a
M2t A -1+a,_ 2 2
< = at{(t-1) + (t=T) }t (1+71)
a ‘t-n
Ini
=-1=-a _a
< MK2t 2 (1+t) 2 .

By virtue of the identity

(2.166) f:'"f:.{axxc33(t-t,h+x—y) - 3G, (t-T,x-y)}B(T,y)aydt
= [TNTAUR 2, 6oy (=T ix=y+D)ACHB(T,y) = B(T,x)}dydr

=50=




which follows from Lemma 1.11, we find that
(2.167) =i, (t,x+h) - L(E,x)1
lhl“ 2

- © T - T
<2 f; "ar [ ax f_.dy{féh||x-ylala G (=T, x-y+0) |ag BT )I=BCT A |

[+ 4
|h|a xxx 33 ly-x}
Substituting g =y, r = x-y and using the inequality
a
(2.168) 1r)® < 2% r+2)® + 2%121%, for all r,zeRr ,
{2.167) becomes
1
Gl I, (t/x+h) = I (£, )0
Inl|
< —32— [FMar [P a /5a {flh‘la G. (t=T,r+0) 1 Ue+g1 ™ + 121D
|h|u 0 = J_9al/, xxx 33 !
(2.169) dc}latr,g+r);§(1.q)l
Izl
a, 1=a rt-n ol a
< -
20T [Tar BT, L [ g 12171 G, (e=Tn) |
2" t-n ®
+ Sn Il JoThar Bt 0, [_qdr 19 G, (t=T,1) |
2, 1=a (t=n -;-a -;-a -:2;+u —%N
< MK“|h) jo ar t ©  (1+1) {(t-1) + (t-1) }
-1-a -1-a _3
+ szlhl f;'ndr 1 2 (1+71) 2 (t~T) 2 .
Taking n = h2 < % as before and breaking each integral of the last two terms
:
into two parts by f;_n = f:-n + f:, we can obtain the estimate:
2
=1-a -3
(2.170) == ¥I_(t,x+h) - I_(t,x)) < Mx%t 2 (1+t) 2, for all 0 < |n| < /[t .
lhlc 2 2 2

=60~




Combining (2.162), (2.165) and (2.170), we conclude that

-1-a

2 2
. < ¢ .
(2.171) III3XXJ15(t,x)|Ilu MKt (1+4t) ©, for all ¢ > 0

NVig

Finally, we shall prove the continuity in t > 0. Fix any t1, t, such that

1
- < =
0 < t1 tz 2 t1 and 0 < € € t2 < t1 < L. By (2.160), (1.96), we can

t
write, provided 0 < n < Sa'

(2.172) 3.3 _(t ,x) = 3_J _(t_,x) = [ 3 G  (T,x-y){B(t,-T,y) ~ B(t, -T,y)
) xx 1571/ xx 15" 2’ 0/-m “xx"33' XY TR § 2Ty
- Blt,~T,x) + B(tz-T,x)}dydT
LI
+ ftz f_, 3xxG33(T,x-y)B(t1-T,y)dydt

t
2 00

+ jtz J o 3, 8yy (Tox=y) {BIE,~T,y) = B(E,~T,y) Jayar
2

i)

2 a0
+ 5 e 3,85, Tixy) {Ble~T,y) - B(t,-T,y) }ayatr .

Denote the integrals on the right-hand side by E1(t1,t2,x), Ez(t1,t2,x),

E3(t1,t2,x) and E4(t1,t2,x) according to their orders. Analogously to

(2.165), (2.169), it holds that

)0 < —3—5 IE1(t1,t2,x)l

1
—— 4 -
p Ei(t1,t2,x h) E1(t,,t o

Ih{
(2.173)

2

€ ————— - -
e fodT J_ax [ dy Ix-y| laxxGBJ(T'x 21

|B(t1-T,y)-B(tz-T,y)-B(t1-T,x)+B(t2-T,x)|

Qa
ly=-x1|
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a
-l —-
< Mar (v 24 % Bee, -0 - BE ~T,0) ||
a0 1 2 a
Ih|
Q
2 2 %
< M(1+t]) sup, ||IB(t -T,x) - B(t_-T,x)|||_, provided n=h" € —,
2 t, 1 2 a 2
1=
0sT¢3
|h|° lsz(t1,t2,x+h) - Ez(t1,t2,x)|
(2.174) -3+a 3 -1=Q -1=-a
2 (5 1-a, 2 -2t 2 2
<M [ 'at [n| " {t +1 He -1) ¢ (14t,-1)
t, 1 1
. _3 -1-a -1-a
+ uxz f 161 |h| T 2(t -T) 2 (1+t_ -1) 2
t 1 1
2
2 1;a 1-a -g+a -5+ - %
< - - + .
MK” (e, =t,) {In] (t, t, ) + In|t, }

For !3(t1,t2,x), we need to use the expression:

t.~t
E(t . t.x) == ' 2/ 3 G (t.-T,x-y)B(T,y)dydT
3' 172! 0 -® “xx 332 ' !

(2.175)
t2

2
+ It1-t2f:;{axxG33(t1-rlx'y) 3xxG33(t2'T,x'y)}B(T:Y)dydr

t

2

- +{t ~t,)

+ Iz 1 72 ftﬁ axxG33(t1'f'x‘Y)B(T:y)dydT .
2

2
Denote the integrals on the right-hand side by Es(t1,t2,x), Es(t1,t2,x)
and 37(t1,t2,x) according to their orders. Then, imitating the development
of (2.169), we have

1
lzs(t1,t2,x+h) - Es(t1:t2'X)l

In®
(2.176)
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t,-t z3a w3 4o 2@ Clna
-t
< me? fn’ %av iny’ {te,-n) 2 (£,-T) 2 4?2 (1em 2
t,-t, .3z =)-a
+ e ] 'V im Ihi(e,~1) 2: 2 (141 ?

et o3+ 3 ., -
< sz(t1-t2) 2 (ihs"“(tz 2, t, L

nlw

1
IEG(t1,t

]h[a (X+h) - Es(t1,t2,x)l

2
{(2.177)

t2 -1=a -{-a

< MKZ\h\1-a [2 P 2 2

Lad a
[_qax ir| 19, 833 (Eq=Aex) ~ 3 xC33 € ReT)

2 2 2 2
In) ft‘_t at T % (1+7)

- -
[ a8t 13 Gya(t,~A,x) - (t.=A,r)}

sup xxx 33 2
-2

t
Ae(t ~t,s3 '

* \hlt22 }  sup
Xe[t -t

1-a
< 1 (1) "% 2

2! 2]

tad a
J wdr(t+ixi |2 (t,~A,r) = 3 G (t,=A,z)]

XXX 33

A
- |E7(t1.t2.X+h) 27(t1,t2.x)l
{hi
(2.178) =3+a 3
2 -2
df{(t1-t) + (t,-T) }

t
2

1-a !2 riemty)

t

2
2

2

<€ Mx”® |hi

-1-a -1=a

x 12 (147) 2
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t
-2 3 ~-1-a -1-a
2 4t -t) -3
+ m? |n| f2 V2 e ey 2?2 (14 2
t 1
2
2
-1-a z1-a ~1+a e Zlxa
2 1-a 2 2 2 2 2y 2
< (=2 4 - _2
MK ( |h} + InDhe® (1) (=(3= +t-t,) + (2 )
1 1 1 1
t -—4+a t.-—+a t -t -
2 2 2y 2 2 2y 2
(F-* t7ty) + (37) - GEret) T (GR) %)
Repeating the previous argument, we obtain
-l-—lE (t,,t,,x+th) = E, {t_,t "
e 1y ¥ 4'TqetaeX
(2.179) t, 3ea 3
2 2 1-a, "2 -2t
< Mk [< at|n| T {t +T } sup FiB(t =X,x) - B(t_=A,x) |||
n t2 1 2 Q
Ae[“'—]
) 3 2
2
+mx? [2at nit 2 sup,  111B(t ~A,x) = Bt -A,x)|]|]
n t2 1 2 a
A —
e,z
Zlva —1*a - = +a lia
1=a 1=-a - -
<w %2 1™ 2 e 7%, 2 e e 2
23 22
2 2
+ |h|t + |hin €} x sup [1IB(t, =A,x) - B(t_-A,x)]|}]|
2 tz 1 2 a
&
< Mk2(1 + t2) sup . |1IB(t,-A,x) ~ B(t_-A,x)| 1]
2 t, 1 2 7 a’
Ae[oc'z_']

t
provided n = h2 < 53 .

By (2.173), (2.174), (2.176) to (2.179), we conclude that

lim sup . 3
-t |+ <=
lt,-t,1*0 0<[h|< [

. €< <
(2.180) t2<t1 L

HaxxJ15(t1,x+h)

-2 - d =
xxJ15(t2'x+h) 3xxJ15(t1,x) + xxJ15(t2,x)I 0o .

-4~
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On the other hand

(2.181) lim sup 133, (t,x+h) = 3T (£ ,x+h)

€ a xx 1
- +0 —
lt -t 1*0 3<|h} |n|
< <
t <t <L
- 3
. 3xxJ15(t1,x) + XXJ15(t2'X)l
2
< -— i [ ] - a = .
2(2) lim 3 Jq50Eq0%) o3qsltyxit = 0
it,-t_ |+0
1 2
(19 <
t:2<t:1 L

Since €, L were chosen arbitrarily, (2.180) and (2.181) yield

o0 1,*
axxJ15(t,x) € C((0,”); Aa ).

Now let us summarize what we have obtained in Theorem 1.13 and Lemmas 2.3

to 2.20.

Proposition 2.21. Suppose w(t,x), z(t,x), v(t,x) and ©(t,x) are defined

by (2.26) to (2.29). Then we have:

(1) wi(t,x) € c{[0,®); L"), w(0,x) = ug(x), 3 wit,x) e c([0,%); M)

atw(t,x) e c((0,®); L‘), 9.9 w(t,x) e c((0,®); M)
t x

1~m
(2.182) (e, x)0 € (um 4+ M2K2)(1+t) 2, forall t >0 ,
. B
(2.183) laxw(t,x)l < (uM1 + MZKZ)(1+t) 2, for all t »0 ,
-
(2.184) Iatw(t.x)l < (uM1 + M2K2)(1+t) 2, for all t > 0 |,
21 _&e _m
2 2 2

(2.185) lataxw(t,x)l < (um, + M2K2)(t +t “)(1+t) °, for all t >0 |,

where U is the bound for the size of initial data (see Theorem 1.13) and
M;, M, are constants independent of u, X and t.

- 1 - -
(11) =z(t,x) € c((0,®); L), z(0,x) = 0O, 3xz(t,X) € C([0,%); L1)

~

3xxz(t,x) € C((0,®); M)
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(2.186) bz(e,x)0 < i+ uzxz, for all t 20 |,
-1
(2.187) laxz(t,x)l < (un1 + szz)(1+t) 2, for all t >0 ,
. -1 . a
- 2 2 2
(2.188) Iaxxz(t.x)l < (uM1 + sz t (1+t) , for all t >0 .

(111) vit,x) e c({0,#); L"), v(0,x) = vo(x), 3 v(t,x) e c((o,=); Lh,

axxv(t,x) e c((o,@); M)

(2.189) Toct, 00 < we + uzxz, for all £ >0 ,
24
(2.190) laxv(t,x)l < (uM1 + szz)(1+t) 2, for all ¢t >0 ,
-1 .8
- 2 2 2
(2.191) laxxv(t,x)l < (uu1 + nzx )t (1+t) , for all t >0 .,

(Iv) O(t,x) € c([0,”); L'), 0(0,x) = 90(X), 3x9(t.x) € Cc((0,%®); L’)

axxe(t'x) e Cc((0,®); AQ' )

(2.192) 18 (00 < + szz, for all t >0 ,
-1
(2.193) 13 6(t,x)1 € (UM, + M.K2){(1+t) 2, for all t >0 |,
x 1 2
-1 .8 ;
< 2 2 2
(2.194) laxxe(t,x)l < (un1 + MK 't T (1+t) , forall t>0 ,
=1-a -2
(2.195) Illaxxe(t,x)llla < (M, 4+ M2K2)t 2 (1+e) 2, for all t >0 .
Prom this proposition and Equations (2.30), we derive
Proposition 2,22, It holds that
(2.196) atw(t,x) + 3tz(t,x) - 3xv(t,x) in D*((0,*) x R) |,
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atv(tlx) e c((01°)3 M)

(2.197) -2
2

- 2
latv(t,x)l < M3(un1 + nzx jt ¢, for all t >0 ,

3,0(t,x) € C((0,%); h

(2.198) 1
a 2.2
<
late(t,x)l M;(uM, + MK )¢ ©, for all t >0 ,

N
Nl

- - 2 -
(2.199) Iate(t,x) - daxv(t,x)l < M3(un1 + sz )t (1+t) , for all ¢ > 0 ,

where M3 is a constant independent of M, M,, “2' K and t.

These two propositions complete our proof that (w(t,x), z(t,x), v(t,x),

0(t,x)) € X, provided that
1
. € —
(2.200) H(1 + H3)(1+M1) 2 K ,

1
. € = .
(2.201) (1 + M3)M2K >

(Step I1II). We zhall prove that T 1is a contraction. Let ("i'zi'vi'ei) =
T(wi'zi’vi'ei)' for (wi,zi,vi,Oi) e X, i = 1,2. Then, we need .the
following expressions:

- - t
(2.202) w (£,x) = w,(t,x) = _IE Gy, (t=T,x)* {0, (T,x) = o, (T,x)}dt
2

t
2 ~a(t-T1)
+f0 e [{p(w1+z1,91) + aw taz, + b91}

- {p(w2+zz,82) + aw_ + az_ + bez}](T,x)dt .

2 2

where 0, (t,x) = plw,+z,,0,) - p (w;+2,,8,)3 2, - pylw,+2,,6,)3 8, + adw,,

i=1,2.
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- t
(2.203)  z (t,x) = z,(t,x) = -IE Gy, (t=Tsx)¥
2

[{pu(w1+z1,91)+a}3xz1 - {pu(w2+zz,92)+a}3xz2

+ {pe(w1+z1,91)+b}3x91 - {pe(w2+zz 62)+b}8 8. )1(T,x)ar

t
- * ’
0 Hg (£=T 'X) [{p(w ‘z, 91) +aw + az, + b91}

- {p(w2+z2,92) +aw, + az, + bez}](t,x)dr

pe(w1+z1,91)

- f; Gy (E=Tox)* [ (B+0.) + a}3 v,

ee(w1+z 6 )
(w +z,,0.)
- -—7;3:—2—537(§+0 ) + a}? Vol (T,x)aT
2722772

1

t 1
+ jo G13(t-t,x)'[ e )(3 v ) (3 <2 ) ](t x)dr

eg(w +z, (w2+z2 92)
t 1 1
M IO G13(t T'X).[{ee(w1+z1,91) C}axxe1 - { (w2+z2 92) - c}axer](T'X)dT

- - t
(2.204) v1(t,x) - vz(t,x) = -fo Gzz(t-T,x)*[ax{p(w1+z1,91) +aw, +oaz, + b91}

- 3x{p(w2+zz,92) + aw2 + az2 + bez}](T,x)dT

pa(w +Z1,e1)

t e (t-T,x)* [{ L

—_— (B48.) + a}3 v
o %23 eglw,+z.,0.) 1 x 1

pe(w *z,, 92)
92)

25,72, (8+48,) + a}3 v, ](7,x)dt

1

Qe (3 v,) }(r x)dat

2
+ Io 23(t"'x)'{ee(w1+z1,61)(axv1) 5705

-68-

4




R

(e-1, %)% [{ 1

1
—_— - - - 3 6 T
+ IO 23 ' ee(w1+z1,91) c}axxe1 { c} x 2](T.x)d

eg(w,y*z,,6,)

(2.205)91(t,x) - 92(t,x) = - G32(t—'t,x)*[3x{p(w1+z1,61) + aw, + az, + b91}

t
0 1 1

- 3x{p(w2+zz,92) + aw, + az_ + b62}](1,x)dt

2 2
Pg(wy+2,.8,)
fo 33(t-T,x)*[{;;T;:;;—7§—7 (§+91) + d}axv1
191
pe(w2+z 9 )
- {——(TT;-—-B—) (0+62) + d}axvzl(r,x)dt
2 “2'72
o [5G, (Tt (v, ) —-———‘———(3 v % (rxar
0 633 ' eqlw +z .8 ) e (w + 9 ) ‘
6 "1 872
1 1
+ fo 33(t-t'X)'[{ee(w,+z1,01) - ch 8. - {2 X i ch_ 8 1(1,x)at .

For convenience, let ¢i denote (wi'zi’vi'ei)’ i = 1,2, and recall that the

metric d(*,*) was defined by (2.18). For technical details of proofs of the

following lemmas, the reader should go back to the proofs in (Step II).

Lemma 2.23. It holds that

1-m
2

wz(t,x)l <MKd(01,02)(1+t) , for all ¢t >0 ,

(2.206) Iw1(t,x)

(2.207) laxw1(t,x)

nig

<
axwz(t,x)l Ml(d(01,°2)(1+t) , for all t »0 ,

3tw2(t,x)| < de(01,¢2)(1+t) , for all t >0 ,

Nig

(2.208) Iatw1(t,x)

-1

-~ -~ 2 -
- <
(2.209) lataxw1(t,x) ataxwz(t,x)l MKd(01,02)(t +t Y(1+t) ’

Nig
Nia

for all ¢ >0 ,
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where M is a constant independent of K, Q1, 02 and ¢t.

Proof. Denote by 31(t,x), Ez(t,x) the first and second integral on the
right~hand side of (2.202), respectively. We can prove above inequalities by
the same procedure as in Lemmas 2.3, 2.5, and hence, it suffices to provide
estimates for essential objects which occur in the process of proof. For
31(t,x), we need:

) + a}axwzel

(2.210) l{pu(w1c+z 915) + alaxw

1e’ ge = {pytvyerz, 08,

< Mlaxw‘l{laxw1-3xwzl + Iale-axzzl + l3x91-3x92I}

+ n{laxwzl + laxzzl + laxezl}|axw1-axw2|

=1-m

< MKA(®,,0,) (1+¢) 2, forall t>0 ,

where w, = w *pe, 2

* =
1: 1 = zi P 9 = ei.pel i 1'2'

ie €’ ie

(2.211) M (£,00 < (q+r+s+1)2uxq*’*‘d(o1,oz)(1+t) , for all t >0 ,

N

1
3 gtr+s T2
(2.212) laxuqts(t,x)l < (gtr+s+1) MK d(01,02)(t +t )(+t) 5,

Nl
nig

for all t > 0 ,
- def t - Oty Tas8 _  qtl. rgs
where Mqrs(t,x) N I& Gy, (t=T,x) {(w1 ), %1% - v, )xzzez}(T,x)dr. For
Jz(t,x), we need: 2

(2.213) l{p(w1+z1,91) +aw, +az, + b91} - {p(w2+22,92) +aw, + az, + bﬂz}l

1
< Mxa(e,,0,) (14t) 2 forall t>0 .

(2.214) I3x[p(w1+z1,6‘) + aw, taz, + b91} - 3x{p(w2+ s
1

< de(01,02)(1+t)- , for all t >0 .

22,92) + aw, taz, + b62}l
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Lemma 2.24. It holds that

{2.215) lz1(t,x) - zz(t,x)l < de(01,02), for all t >0 ,

N

(2.216) laxz1(t,x) - 3xz2(t,x)l < de(O’,Oz)(1+t) , for all t >0 ,

1
- - -3 -
- <
(2.217) W9 z1(t,x) 3xxz2(t,x)l MKd(01,02)t (1+t) , for all ¢ > 0 ,

vie

Proof. Let us denote the five integrals of (2.203) by Ja(t,x), J4(t,x),

Js(t,x), Je(t,x) and J7(t,x) in sequence. To get the above estimates, we

go through the same procesgs as in Lemmas 2.7 to 2.11 with the following
estimates. For J3(t,x), we need:
l{pu(w1+z1,91)+a}3xz1 + {pe(w1+z1,01)+b}3x01 - {p“(w2+z2,92)+a}3xz2

(2.218) 1

- {pe(w2+22,92) + b}axe2l < HKd(°1,°2)(1+t) , for all ¢t >0 .

'3x[{pu(w1+z1,91)+a}3xz1 + {pe(w1+z1,91)+b}3x91- {p“(w2+zz,92)+a}3xzz
(2.219) -1-a

(1+t) 2 , for all t > 0 .

Nl

- <
{pe(w2+zz,62)+b}3xezll MKd(01,02)t
For 34(t,x), we use (2.213) and (2.214). For Js(t,x), we need:

t
2
(2.220) 'Io G13(t-t,x)*{(w1+z1)3xv - (w2+zz)3xv2}(1,x)dtl < MKa(e,,0)

1
for all t » 0, which can be obtained like the proof of (2.59).

t
2
(2.221) 'fo G4 (t=T,x)* {83 v, - 6,3 v }(T,x)arl <

t

2 1
<1fq Gy (t=T,x)* 7 (0,38, ~ 8,2 .6 }(7,x)arl

t
2 1 - 21
+ n[o G13(t-t,x)'{91(3xv1 -3 3.0) 0,3 v, - 3 atez)}(t,x)dtl

T1
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< de(01,02) P

which follows from

1 a
sup t (1+t)2|a 6, - dd v, - 3.0, +d vl <ae.,0) .
>0
4
qat - g
'2<£+r a,r ¥t 78,9, 2<£+r a r(¥p*z,) 83, v, !
; (2.222)
& -3
i < Mx2a(®.,0 )(1+t) 2, for all t > 0
1% t) . or a t .
Polw,+z,,0.) Po(w,+z,.08,) i
'{ee(w1+z1,91) (9+61) M d}axv1 - { (w2+22 92) (9+62) M d}axvzl .
(2.223)
< uxd(o1,02)(1+t)"‘, for all t> 0 .
© pglw +zi,91) e(w +zz,92)
|ax[{eeT+z—-é-—)-(e+e ) + d}a V ] -9 [{-e—e—(;—'ﬁ(e*Q'Q ) + d}a v 1K
(2.224)
1 i
2 2

< m(d(01,02)t (1+t) , for all t >0 .

For Js(t,x) and J7(t,x), we need: 1

=1-a

2
ee(w +z,0 )(3 V ) 1< de(o oz)t (1+4t) ’

2 72'72

-1
1 1 2
ee(w,+z .0 )

lav)

for all ¢t >0 .




1 1

SIS SIS e )
'ax{ee(w1+z .0 )(3 vy) } x{ee(w +z 9 )( v ) }'
(2.226)
< MKd(°1,°2)t-1(1+t)-a, for all t > 0 .
(2.227) l(—-——'-——- -c}o 6, - {———‘———— -cla o.1
ee(w1+z1,91) xx 1 (w2+z2 92) xx 2
_2 -1-a

< MKd(°1,02)t 2(1+t) 2 , for all t > 0 .
Lemma 2.25. It holds that

(2.228) Iv1(t,x) - vz(t,x)l < MKd(01,02), for all t >0 ,

1
- - T2
(2.229) laxv1(t,x) - 3xv2(t,x)l < de(01,°2)(1+t) , for all t >0 ,

(2.230) 'axxv1(t'x) - axxvz(t,x)l < uxd(01,02)t (1+t) . for all £t > 0 .

N
vie

Proof. Define

Y - t _ q res, _ 8
(2.231) qus‘t'”’ 3 t G,,(t=T T,%)*{9 «Wyz, 8 -3 (w2 292)}(T,x)dt
2
and t
~ . 2 q_TeS, _ q . rpas
(2.232) Rqrs(t,x) 0 22(t T,x)*{3 (w1z191) 3 (wzzzez)}(f x)dr .

Then, we have

a
(2.233)  1g___(£,x)F < (qres) MK 2

d(Q1,02)t (1+t) v

N

2 q+r+s 1

for all t > 0, qtr+s 2 2, q » 1 .

1 a
- 2 r+s-1 ) -2
(2.234) IQorB(t,X)l € (r+s) (r+s-1)MK d(01,02)t (1+t) .
for all t > 0, r+s8 » 2,
-1 _ s
(2.235) IR (£, € (q+:+s)2uxq+’*°"a(o1,wz)t 2014ty 2,

for all t > 0, gq+r+s > 2 .




} These inequalities combined with (2.213), (2.214), (2.222) to (227) and the
inequalities analogous to (2.220), (2.221) will yield (2.228), (2.229) and
{(2.230) by the same procedure as in Lemmas 2.12, 2.14.

Lemma 2.26. It holds that

(2.236) 151(:,x) - 62(t,x)| < Mxa(e ,e)), for all t2>0 ,
-1 4
: (2.237) l3x61(t,x) - 3x52(t,x)| < HKd(O’,Oz)(1+t) 2, for all t >0 , y
L s |
' (2.238) 'axx51(t'x) - 3xx32(t,x)l < Mxd(e,0,)¢ 2 (1+t) 2 forall t> o0,
o -2
(2.239) |||axx51(t.x) - axxaz(t,x)llla < Mxa(e,, 0t 2 (14t) 2,

for all ¢t > 0 .
Proof. In addition to the inequalities used in the proof of Lemma 2.25, we

need only the following inequality:

1 1
— ____ ¢} 8. (t,x) - {————— - c}3 6_(t <
l'l{ee(v1+z1,01) c} 1 (Eex) {ee(w2+zz,02) cl xx2¢ 2NN
(2.240) q-a  -1-a

< HRd(°1,02)t 2 (1+t) 2 , for all t >0 ,

which is easily seen from Lemma 2.19. Repetition of the arguments in the
proof of Lemmas 2.15 to 2.20 gives (2.236) to (2.239).

Lemma 2.27. It holds that

Ni—

(2.241) latz1(t,x) - 3tzz(t,x)l < de(°1,02)(1+t) , for all t > 0 |,

1
- : "3
(2.242) latv‘(t,x) - 3tv2(t,x)l < de(01,02)t , for all t >0 ,

Nl

(2.243) '3:°1“'”) - 3t92(t,x)l < de(01,02)t , for all t >0 ,
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(2.244) Iat91(t,x) - daxv1(t,x) - atez(t,x) + daxvz(t,x)l

1
< MKd(°1,02)t 2(1+t) , for all t >0 .

nvie

Proof. The assertions follow immediately from the above lemmas and the

equations:

( + = -
Witz =wy=z,) = (Vv )y

~ - - -~ - - ~ - - -

- = - 6 - -
(v1 v2)t a(w1+z - zz)x + b( 1 ez)x + (v1 v2)xx

1 2
(2.245)< !
- {p(w1+z1,91) + aw, taz, + b91 - p(w2+zz,92) - aw, - az, - bez}x
1
-~ -~ ~ -~ - L4 pe(w1+z1le1)
(01-92)t = d(v1-v2)x + c(01-92)xx - {;;T;::;:T§:7(5+01) + d}axvl
(w +z_,0.)
+ A————Z——g—sg-(5+6 ) + d}9 A —-———1——————(3 1 )2
e(w2+z ) ee(w1+z 0 )
E
- e e T Pt T ey - Ve ¢
ee(w2 eglw,+z,,0, xx (w2 Z,y 2) xx

From Lemmasg 2.23 to 2.27, we deduce:

Proposition 2.28. T 1is a contraction if

(2.246) MK <1,

where M, is the sum of all M which appear in Lemmas 2.23 to 2.27 plus
three times M in (2.209).

Now we are in a position to conclude the proof of our main theorem.
First choose X, such that (2.19), (2.201), (2.246) and
(2.247) 0 < K < min(B,0)

holds Then T is a contraction from X into itself if u > 0 is so small

that (2.200) holds, and the unique fixed point of T 1is a solution of (0.11),
(0.7) by setting u = w+z, which is easily seen from (2.30). Our proof is

completed by the following lemma which implies that this solution is also a
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solution to (0.6).

Lemma 2.,29. Let (u,v,8) be the solution mentioned above. Then,

S g

(2.248) 3te(u,3) = eu(u,e)atu + ee(u.e)ate ‘
1 2
(2.249) 3t(5 ve) = vatv = -vaxp(u,e) + vaxxv ’
(2.250) 3x{vp(u,9)} = (3xv)p(u.9) + vaxp(u,e) '
2
(2.251) 3x(v3xv) = (3xv) + vaxxv .
(2.252) e (u,0)9 u = {(8+8)py(u,0) - p(u,0)}3 v

hold in D#*((0,®) x R). 1

Proof. First of all, we note that eu(u,e), ee(u,e) e c((0,%); Lw):

1

p{u,8) e ¢c((0,*); L. nBV) and v,0 e c((0,®); Co), which follow from the

properties of X and the fact that w"1 c co. Suppose € 1is any given
positive number and define

: ug(t,%) = [ Pglt=T)ulT,x) %0 (x)dT ,

vgltix) = [T plt-TIv(T,x)%p (x)aT
B5(t,x) = [ pgle-TI0(T,x)*ps(x)aT
where 0 < 8§ € €, Then, we see that

w° 2 1 1
“G(t'x) €C (R) nC(R; L n BV) ,

velt,x) e c (&) new w el iy,

96(t,x) e co(nz) n C(R; w"‘) n C‘(R; L‘) ’

and

us(t,x) + u(t,x) in L‘, axuc(t,x) > 3xu(t,x) weak * in M ,

atu5(t,x) * 3tu(t.x) in L1, vd(t,x) + v(t,x) in co n w1'1 ‘
7 d vslt,x) * 3 vit,x), 3 vyl(t,x) +3_v(t,x) weak * in Mo,
; es(t,x) + 0(t,x) in co n w1'1, ates(t,x) *> ate(t,x) in L1 .

for each t @ {2¢,%) as § + 0. Hence, it holds that

le(us.es) - e(u,0)0 >0 ,
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. - . o~ - _ ;
eu(us,ﬂs)atus + ee(us,es)ates *> eu(u,e)atu + ee(u,e)ate in n ,

~ -~ ~

2.2 .1 .
Ve * Vv in L, VGatVG + vatv weak in M ,

- . - . - - ‘ 1
Vap(usiea) * vp(y,0), (3xv6)p(u6,96) +> (3xv)p(u,9) in L ,

vsaxp(us,es) * vaxp(u,e) weak * in M, vsaxvé + vaxv in L1 ‘

~

(3x;6)2 *> (3xv)2 in L‘, ;63xxv6 + vaxxv weak * in M ,
for each t € [2¢,), from which (2.248), (2.250), (2.251) and the first part
of (2.249) follow, since € was arbitrarily chosen. Using the fact that
v e C((0,®); co), -3xp(u,9) + 3xxv € c((0,*); M) the second part of (2.249)
follows from the equation:

atv = -3xp(u,9) + axxv in D¥*((0,®) x R) .,

FPinally, (2.252) is an immediate consequence of (0.9).
Remark 2.30. It has not been proved that the solution we obtained above is
unique, which is still open. However, the solution has an interesting
feature: if the initial data have jump discontinuities, then the

discontinuities of v, & vanish instantaneously while the strength of jump

discontinuity of u vanishes at least as fast as the inverse of a polynomial.
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APPENDIX

(A1] We shall prove that the expression (2.36) is valid. First note that

Vosn), zecto,®; L' n Bv) ncio,=); w'!

wec (o, L ),
8 ec(0,#); 1) nc(o,#); w'''), £rom which we have
WYy 2Fe% = TV (2Te%) & (wTFe%) e c((0,%); M)
xX x X
and
wq+1zres e C’((O,“); L‘) .

Next we define

max(t-€ E)
2 qtl, r_s
Ny g (tex) -IE Gy (E=T,x)* (W 1(270%) }(t,x)ar
2
t
MX(t"el-)
- 2 _ aratl ros
Nz'e(tlx) I:: G12(t T,X) (w z 6 Y(t,x)dar .
2
Then N1'e(t,x), NZ,E(t'X) are well-defined and atN1'€(t,x) + ataxuzle(t,x) +

qus(t.x) in D+*((0,®) x R). Since atG12(t,x) = 3xG22(t,x) in

D*((0,®) x R), G12(t,x) e C‘((O,’); L1). At the same time, we see that
1

G,,(t,x) € C([0,®); L) with G4,(0,x) =0, 3G (t,x) =

Hg(t,x) = e-até(x), and Hs(t,x) e c((0,%®); L‘) with IHS(t,x)I <

M(t" +t) , for all t > 0. Now we can compute J N (t,x) and

t1,e
3t3x§1 ¢{tsx) Dby integration by parts which is valid from the properties
’
stated above. Then, letting € * 0, we obtain the result,

[A2] We shall prove that (w,z,v,9) defined by (2.26) to (2.29) satisfies

(2.30) in D*((0,*®) X R). (2.30) can be written in the form with different

notations,
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t X

=]
]

(3.1) v au_ + b0 + v + £ _(t,x)
x X xx 1

8 = dvx + cexx + f2(t,x) ’

where
f1(t,x) e c((o,=); M)
(3.2)
e (00 < M(1+t)”', for all t >0 ,
£,(t,%) € C((0,=); LY
(3.3)

1
1£, (6,01 < me 214t) %, forall t>0 .

N

Applying the Fourier transform, (3.1) with given initial data yields

(3.4) %; Q(t.&) = ACE)Y(L,E) + ﬁ(t.ﬁ) ’
30‘5’
A A
(3.5) Y(0,8) = vo(E)
8
0(E) '
0
A A A A
where F(t,§) = f1(t,E) and A(§), Y(t,§) are given by (1.2). From
A
fz(t,i)

(3.2), (3.3), it follows that
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A -]
f1(t,€) € C((0,®); C(R)n L )

(3.2)* A -
£ (e,600 , < M(1+t) °, for all t >0 ,
L
32(t,£) e Cc((0,%); co(n))
(3.3)* _2 _1
A 2 2
'fz(t,E)l - S Mt T(14t) , for all t >0 .

L

1 A A A
Since uy, vy, 90 €L n BV, we have uo(E). VO(E). 90(5) € Cp(R). Now for

each £ € R, the unique solution to (3.4), (3.5) is given by
(3.6) Y(e,6) = G(e,6)%(0,8) + [ &e-t,0)F(x,Drar .

(-]
We recall that &ij(t,i) € c((0,®); C(R) n L ) and l&ij(t.ﬁ)l w M, for
L
all ¢t >0, i,3 = 1,2,3. Hence, it is obvious that Q(t.E) given by (3.6)

satisfies

175 e Bre (ovEraeas = -0 ReoIT(e, £)o(£)¥(E)deag

S5 Bl B100vbraaE

]
for all ¢ e co((o,w)) and Y of the Schwartz space in R. Therefore

-1/\

=12 - .
FE Y(t,£) satisfies (3.1) in D*((0,®) x R). But FE Y(t,§) is precisely

(wtz,v,9) given by (2.26) to (2.29).
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ABSTRACT {continued)

(2) u(0,x) = uo(x). v(0,x) = vo(x), 6(0,x) = Go(x) .

The equations (1) describe the one-dimensional motion of a particular type of

nonlinear thermoviscoelastic material. We establish the existence of global

solutions when the initial data belong to L1 n BV and are sufficiently small

in terms of Ll n BV, Our method consists of linearization, Fourier transfor-

mations and contraction mapping principle via variation of ccnstants formula.
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